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GROUP APPROXIMATION IN CAYLEY TOPOLOGY AND COARSE
GEOMETRY,
PART I: COARSE EMBEDDINGS OF AMENABLE GROUPS.
MASATO MIMURA AND HIROKI SAKO
Abstract. The objective of this series is to study metric geometric properties of (coarse)
disjoint unions of amenable Cayley graphs. We employ the Cayley topology and observe
connections between large scale structure of metric spaces and group properties of Cayley
accumulation points. In this Part I, we prove that a disjoint union has property A of
G. Yu if and only if all groups appearing as Cayley accumulation points in the space
of marked groups are amenable. As an application, we construct two disjoint unions of
finite special linear groups (and unimodular linear groups) with respect to two systems of
generators that look similar such that one has property A and the other does not admit
(fibred) coarse embeddings into any Banach space with non-trivial type (for instance,
any uniformly convex Banach space).
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1. Introduction
The concept of the coarse embedding was defined by M. Gromov [Gro93], and can be
regarded as an injective morphism in the category of coarse geometry (see Definition 2.21;
Gromov himself called it a uniform embedding at infinity). The concept of property A was
introduced by G. Yu [Yu00], plays the role of amenability in coarse geometry, and has been
regarded as one of the most fundamental properties in coarse geometry (see Definition 2.19
in our setting). Yu proved the following two celebrated properties in [Yu00]: For uniformly
locally finite (see Definition 2.16) generalized metric spaces X (namely, metric spaces
whose metrics possibly take the +∞-value; see Subsection 2.4),
• if X has property A, then X is coarsely embeddable into a Hilbert space;
• if X is coarsely embeddable into a Hilbert space, then the coarse Baum–Connes
conjecture holds true for X,
Here, we make a remark that our convention on coarse embeddability of generalized metric
spaces is slightly non-standard. More precisely, we impose no condition on any pair of
points with infinite distance to formulate coarse embeddabilty ; see (1) of Definition 2.21
for the concrete definition. We refer the readers to books [Roe03] and [NY12] for compre-
hensive treatments of these topics.
It has turned out that the class of generalized metric spaces of the form of the (coarse)
disjoint union of an infinite sequence of finite connected graphs of uniformly bounded
degrees (see Definition 2.17 for disjoint unions and coarse disjoint unions) supplies plenty
of examples with notable coarse properties. Here each finite graph is equipped with the
shortest path metric. For instance, among uniformly locally finite generalized metric
spaces, many examples without property A were given by Guentner (see below); among
them, the first example without property A that admits a coarse embeddings into a Hilbert
space was provided by Arzhantseva–Guentner–Sˇpakula [AGSˇ12]. These examples lie in
this class.
The goal of this series of study is to provide a framework to investigate the following
class: That of all (coarse) disjoint unions of finite connected Cayley graphs (Cay(Gm;Sm))m
of uniformly bounded degrees. There has been extensive study for box spaces by various
researchers, which are special cases in that class; see below for the precise definition.
However, there was no study of the class above in full generality before our result.
The main idea of us is to employ the concept of the space of (k-)marked groups G(k),
intensively studied by R. I. Grigorchuk [Gri84, Section 6]. For a fixed k ∈ N≥1, G(k)
is the space of all k-marked group G = (G; s1, . . . , sk), where (s1, . . . , sk) is an ordered
k-tuple that generates G. This space is equipped with a natural metrizable and compact
topology, sometimes called the Cayley topology (also known as the Chabauty topology on
the space of normal subgroups of Fk, the free group of rank k; see Remark 2.5). The
convergence in the Cayley topology corresponds to the coincidence of rooted metric balls
in Cayley diagrams (see Definition 2.2) of larger and larger radii. We discuss this concept
in more details in Subsection 2.1; see also Lemma 5.1 and the proof of it for an instructive
example. For a sequence (Gm)m∈N of k-marked groups (for a fixed k), we consider two
objects of different nature:
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• The disjoint union ⊔m∈N Cay(Gm) of the Cayley graphs, and the coarse disjoint
union
∐
m∈N Cay(Gm): These are generalized metric spaces without group struc-
ture;
• The Cayley boundary ∂Cay(Gm)m: It consists of certain k-marked groups, as we
define below.
Definition 1.1. For an infinite sequence (Gm)m∈N of (possibly infinite) k-marked groups,
the Cayley boundary ∂Cay(Gm)m of it is defined to be the subset of G(k) consisting of all
accumulation points of the sequence (Gm)m in G(k).
By compactness of G(k), the Cayley boundary ∂Cay(Gm)m forms a non-empty compact
subset of G(k).
Our main result(s) build a bridge between coarse properties of the former and group
properties of the latter; see Theorem A on the topic of the current Part I paper. Before
proceeding to that, let us recall what were known for the special case of our class, box
spaces, including their definition.
Definition 1.2. A finitely generated group G is said to be RF (Residually Finite) if there
exists a sequence (Nm)m∈N of normal subgroups of G of finite index such that Nm+1 6 Nm
and that
⋂
m∈NNm = {eG}.
Fix a finitely generated, infinite, and residually finite group G and fix a finite generating
set S of G. Fix a sequence (Nm)m as in Definition 1.2. Then a coarse disjoint union
(G =)(Nm)mG =
∐
m∈N
Cay(G/Nm;S mod Nm)
is called a box space of G with respect to (Nm)m∈N. The coarse structure of (Nm)mG
does heavily depend on the choice of (Nm)m in general. More precisely, it follows from
work of A. Selberg [Sel65] that some box space of F2 forms an expander family [Lub10].
It implies that this box space of F2 does not admit a coarse embedding into a Hilbert
space; see also explanation in Proposition 9.7 and Example 9.10 of our Part II paper
[MS]. At the other end of the spectrum, as we mentioned above, in [AGSˇ12] another
box space of F2, associated with a different chain (Nm)m from one in the example of
expanders above, is constructed; that box space does admit a coarse embedding into a
Hilbert space. On the other hand, the choice of S affects metric structures of each compo-
nent Cay(G/Nm;S mod Nm) in biLipschitz ways only uniformly on m ∈ N; therefore, the
choice of generating set of G is irrelevant in the aspect of coarse properties. E. Guentner
and J. Roe showed the following relation between the coarse geometric properties of G
and group properties of the mother group G (see Proposition 11.39 in [Roe03]); for the
definition of a-T-menability, see Section 4.
• G has property A if and only if G is amenable;
• G admits a coarse embedding into a Hilbert space only if G is a-T-menable.
The former item supplied many examples of (uniformly locally finite) generalized metric
spaces without property A; for instance, all box spaces of F2. On the latter assertion, the
converse does not hold in general; recall a Selberg-type expander family from our discussion
above. Chen–Wang–Yu [CWW14] introduced the notion of fibred coarse embeddings, which
is a certain weak form of (genuine) coarse embeddings, in their study of the maximal coarse
Baum–Connes conjecture. Chen–Wang–Wang [CWW13] proved that G admits a fibred
coarse embedding into a Hilbert space if and only if G is a-T-menable. Fibred coarse
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embeddings from generalized metric spaces in our class will be studied in our Part II
paper [MS]; see Theorem A and Corollary B in that paper.
One of our motivations to extend the framework from the class of box spaces to our
class is that there exist various natural examples of ((Gm;Sm))m that are not derived from
box space constructions. Here we exhibit one example.
Example 1.3. For m ∈ N≥3, let Gm = Sym([m]), the symmetric group over [m] =
{1, 2, . . . ,m}, and Sm = (σ(m), τ (m)). Here σ(m) = (12) and τ (m) = (12 · · ·m).
Hereafter, we abbreviate Sym([m]) as Sym(m).
To the best knowledge of the authors, it was not known before our result whether the
(coarse) disjoint union of (Cay(Gm, Sm))m≥3 has property A. We will also consider an
analogue of this example for alternating groups; see Remark 5.4.
In this paper, as main examples, we furthermore deal with several sequences of uni-
modular linear groups (and special linear groups; see Remark 5.10) Gm = SL
±(m,Fpnm )
over finite fields with two different choices of system of generating sets (Sm)m; see Exam-
ple 1.5. Here by unimodular linear group, we mean the group of matrices of determinant
in {±1}. We write it as SL±. This is an overgroup of index 2 of the special linear group
of the same degree. The relationship between unimodular linear groups and special linear
groups resembles that between symmetric groups and alternating groups. We warn that
this terminology is different from a “linear group (that means, a group that admits an
injective homomorphism into a general linear group of finite degree over a (commutative)
field) that is unimodular (in the context of Haar measures on locally compact groups).”
The following is our main theorem in this Part I paper.
Theorem A. Let k ≥ 1 and (Gm)m∈N = {(Gm; s(m)1 , . . . , s(m)k )}m∈N be amenable (for
instance, finite) k-marked groups.
(i) The disjoint union
⊔
m∈N Cay(Gm) has property A if and only if every element in
∂Cay(Gm)m is amenable.
(ii) The disjoint union
⊔
m∈NCay(Gm) is coarsely embeddable into a Hilbert space only if
every element in ∂Cay(Gm)m is a-T-menable.
If Gm is finite for all m ∈ N, then all of the statements above remain true if we replace
the disjoint union
⊔
m∈NCay(Gm) with a coarse disjoint union
∐
m∈N Cay(Gm).
A rough idea of Theorem A is that we may regard ∂Cay(Gm)m as the set of “all mother
groups” of the sequence (Gm)m. Indeed, if (Gm)m = ((G/Nm;S mod Nm))m comes from
a box space, then ∂Cay(Gm)m is the singleton consisting only of the mother group (G;S).
We emphasize that the following points are visible only after extending the framework
from the class of box spaces to our general class:
(a) The Cayley boundary ∂Cay(Gm)m may consist of infinitely many points, possibly it
may be a continuum.
(b) Even when ∂Cay(Gm)m is a singleton {G∞}, the Cayley limit group G∞ = limmGm
is in the class of LEA group when Gm, m ∈ N, is amenable; it is in the class of LEF
group when Gm, m ∈ N, is furthermore finite. See Definition 1.4 below for these
definitions. In general, the implications
RF =⇒ LEF =⇒ LEA
hold, and none of the implications can be reversed.
(c) Coarse properties of
⊔
m∈N Cay(Gm, Sm) may be considerably affected by the choice
of the system (Sm)m of generators of Gm, even when it might look a slight change;
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compare with the discussion above on the choice of generating sets S in the case of
box spaces.
From these viewpoints, phenomena that the current paper treats provide a complement
to recent result of T. Delabie and A. Khukhro [DK17] and other researchers on coarse
geometry of box spaces.
Definition 1.4. (1) (Mal’cev [Mal73], Ste¨pin [Ste¨84], and Vershik–Gordon [VG97]) A
group G is said to be LEF (Locally Embeddable into the class of Finite groups) if for
every finite subset S ∋ eG of G, there exists a finite group H and a partial homomor-
phism β : S → H that is injective. Here, β is called a partial homomorphism if the
following holds true:
For every g, h ∈ S such that gh ∈ S, β(gh) = β(g)β(h).
For a finitely generated group G, this definition is equivalent to saying that G is in
the closure (in the Cayley topology) of all finite marked groups for some (equivalently,
all) marking G of G.
(2) (Gromov [Gro99]) A group G is said to be LEA (Locally Embeddable into the class
of Amenable groups) if for every finite subset S ∋ eG of G, there exists an amenable
group H and an injective partial homomorphism β : S → H. For a finitely generated
group G, this definition is equivalent to saying that G is in the closure (in the Cayley
topology) of all amenable marked groups for some (equivalently, all) marking G of G.
In (2), Gromov himself used the terminology of the initial subamenability.
For concrete examples that illustrate points (a) and (b), see, respectively, Example 2.8
and Example 2.10. Here we exhibit examples on point (c).
Example 1.5. Fix a prime p. For n ∈ N≥1, denote by Fpn the finite field of order pn. It
is well known that the multiplicative group F×pn is cyclic; for each p and each n, we fix a
generator tn = tp,n ∈ Fpn of it. Fix a sequence (nm)m∈N≥3 of positive integers such that
limm→∞ nm = +∞.
Let Gm be the unimodular linear group over Fpnm of degree m, namely,
Gm = SL
±(m,Fpnm ) = {g ∈ GL(m,Fpnm ) : det(g) ∈ {±1}}.
Then we consider the following two systems (Sm)m∈N≥3 , (Tm)m∈N≥3 of generators of Gm;
see Remark 5.5 for the proof of the fact that Sm and Tm both generate Gm.
• For m ∈ N≥3, Sm = (σ(m), υ(m), δ(m), τ (m)). Here
σ(m) =


1 1 0 · · · 0
0 1 0
...
... 0 1
. . .
...
...
. . .
. . . 0
0 · · · · · · 0 1


, υ(m) =


1 tnm 0 · · · 0
0 1 0
...
... 0 1
. . .
...
...
. . .
. . . 0
0 · · · · · · 0 1


,
δ(m) =


−1 0 · · · · · · 0
0 1 0
...
... 0 1
. . .
...
...
. . .
. . . 0
0 · · · · · · 0 1


, and τ (m) =


0 · · · · · · 0 1
1 0 0
0 1 0
...
...
. . .
. . .
. . .
...
0 · · · 0 1 0

 .
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• For m ∈ N≥3, Tm = (σ(m), σ′(m), υ(m), δ(m), τ (m)). Here σ(m), υ(m), δ(m), and τ (m)
are the same as above, and σ′(m) = tσ(m) is the transpose of σ(m).
Then, Theorem A yields the following corollary.
Corollary B. (i) In Example 1.3, the disjoint union
X =
⊔
m∈N≥3
(Sym(m);σ(m), τ (m))
has property A.
(ii) In Example 1.5, the disjoint union
Y = Yp,(nm)m =
⊔
m∈N≥3
(SL±(m,Fpnm );σ
(m), υ(m), δ(m), τ (m))
has property A.
(iii) In Example 1.5, the disjoint union
Z = Zp,(nm)m =
⊔
m∈N≥3
(SL±(m,Fpnm );σ
(m), σ′(m), υ(m), δ(m), τ (m))
does not admit coarse embeddings into a Hilbert space.
The same assertions, respectively, remain true if we replace the disjoint unions with
coarse disjoint unions.
Remark 1.6. In fact, in (iii) above, Z does not admit a coarse embedding into any Banach
space with non-trivial (linear, also known as Rademacher) type; the class of all Banach
spaces of non-trivial type contains all uniformly convex Banach spaces. See [TJ89] and
[BL00] for the definitions of these concepts; see also Example 4.11 in our Part II paper
[MS]. This non-embeddability result follows from a combination of results of V. Lafforgue
[Laf08], [Laf09] on strong Banach property (T) and of arguments in our Part II paper; see
[MS, Corollary B and Corollary 2.2].
In study of constructing expanders (see [Lub10] for this topic) from a sequence of fi-
nite groups, the phenomenon as in (c) (heavy dependence of the choice of the system of
generators) has been observed by various researchers. Nevertheless, we expect that our
examples in Corollary B might be of its own interest; we only add σ′(m) to Sm to construct
Tm. It might seem as if this perturbation were small, but it, in fact, completely destroys
flexibility (such as property A) of Y . To observe this destruction, we might need to come
up with the notion of the Cayley limit groups of ((Gm, Sm))m and ((Gm, Tm))m.
Remark 1.7. The choices of coefficient rings of unimodular linear groups in Example 1.5
does not play the most important role in Corollary B (only the changes of “limit (marked)
ring” are slightly involved). The most important points in the construction are the absence
of σ′(m) in Sm and the presence of that in Tm; see the proof of Proposition 5.6 and the
discussion below the proof of Proposition 2.13. In fact, we construct another example
with coefficient rings being Z/lmZ, where lm →∞, in a very similar manner; this may be
regarded as an archimedean analogue of Example 1.5. See Example 2.12 for that example
and Proposition 2.13 for the conclusion on its coarse properties. See discussion in the last
paragraph of Section 6 for yet one more construction.
We also construct examples for special linear groups; see Remark 5.10.
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Finally, we prove that a disjoint union Y in item (ii) in Corollary B has very poor
metric compression function (see Definition 2.21) for a suitable choice of (nm)m≥3. Re-
call from Theorem A that Y there has property A; from the Dvoretzky theorem [BL00,
Chapter 12], this implies that for every infinite dimensional Banach space E, Y admits a
coarse embedding into E.
Theorem C. In let Y = Yp,(nm)m be as in (ii) of Corollary B.
Then, for every non-decreasing proper function ρ : [0,∞)→ [0,∞), there exists (explicit)
(nm)m such that for every prime p, Y = Yp,(nm)m has the following property: “Let E be a
complex Banach space that is sphere equivalent (see below) to a complex Banach space F of
non-trivial (linear) type. Then, (ρ(r), ω(r) = r) is not a control pair (see Definition 2.21)
for Yp,(nm)m into E.”
In particular, it holds for all complex uniformly convex Banach spaces E.
Here, two Banach spaces E and F are said to be sphere equivalent if there exists a
bijection Φ between the unit spheres S(E) and S(F ) such that Φ and Φ−1 are both
uniformly continuous (see Section 6). One remarkable example is that L1,C = L1([0, 1],C)
is sphere equivalent to L2; the latter is uniformly convex but the former is of trivial type
(see [BL00, Chapter 9]). Similar holds even in the context of non-commutative Lp spaces;
see [Ric15]. It is well known that L1,C admits a coarse embedding into L2. However, the
analogue is no longer true in the setting of non-commutative Lp spaces; see Corollary 8.17
and discussions below in [BL00]. Note that a coarse embedding from the disjoint union of
uniformly discrete coarse geodesic metric spaces must be Lipschitz. Since every Banach
space is isometrically isomorphic to its rescaling, without loss of generality we may assume
that ω(r) = r, as we did in Theorem C.
After the first version of our draft came out, remarkably, V. Alekseev and M. Finn-Sell
[AFS16] extended the framework of LEF approximation by finite Cayley diagrams to sofic
approximations. Nevertheless, we point out that our original setting might remain to be
of importance for the following reasons. First, sofic approximation does not cover the case
of LEA approximation by infinite amenable Cayley diagrams. Secondly, the framework
in the present paper supplies concrete examples of generalized metric spaces with notable
features as we saw in Corollary B and Theorem C; see also Proposition 2.13 and examples
in Subsection 2.2 and Remarks 5.3 and 5.8. Thirdly, on (fibred) coarse emdeddings into
metric spaces that are not Hilbert spaces, even though our theory applies, there would be
difficulty in the setting of sofic approximations. See also Point (a) above.
We also note that in the general framework of [AFS16], one direction of (i) of Theorem A
(property A of the approximation imples amenability of the limit group) was deduced; see
work of T. Kaiser [Kai17] for a counterexample to the converse direction and for further
developments.
Notation and Conventions: We use G for a (non-marked) group and G for a marked
group. We write the group unit of G as eG. A finite generating set S of G is regarded
as an ordered set (sometimes an ordered multi-set) S = (s1, s2, . . . , sk) so that (G;S) is
seen as a marked group. A marked group G = (G;S) is said to be finite (respectively,
amenable, and a-T-menable) if so is G. For k ∈ N≥1, we denote by Fk the free k-marked
group, namely, Fk = (Fk; a1, . . . , ak). Here (a1, . . . , ak) denotes a free basis of Fk. For a
non-empty set B, denote by Sym(B) the full symmetric group, and by Sym<ℵ0(B) the
symmetric group with finite support, namely, the group of all permutations on B that fix
all but finitely many elements in B. For m ∈ N≥1, let [m] = {1, 2, . . . ,m}. For m,n ∈ Z
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with n ≤ m, set [n.m] = {n, n + 1, . . . ,m − 1,m}. For a set B, denote by ℓ2(B) the
(Hilbert) space of ℓ2-functions B → C.
In Section 6, we employ some symbols to indicate orders. For two non-negative valued
function a and b defined on the same parameter set P, we write as a - b (or b % a) if there
exists a universal constant C > 0 such that for all p ∈ P, a(p) ≤ Cb(p) holds true. We
use the symbol a ≍ b if both a - b and a % b hold. For variables p1, . . . , pl in P, we write
as a -p1,...,pl b if the positive multiplicative constant C = C(p1, . . . , pl) above (may not be
universal but) may depend on p1, . . . , pl but it does not depend on the other parameters
in P. We write a  b if a - b holds but a % b fails to be true.
Organization of the paper: In Section 2, we describe the definition and basic properties
of the space of marked groups and the Cayley topology; in Subsection 2.2, we exhibit
various examples that illustrate points (a), (b) and (c) above. Section 3 is devoted to
the proof of (i) of Theorem A. In section 4, we prove (ii) of Theorem A. In Section 5,
we identify the Cayley limit groups in concrete situations and prove Corollary B and
Proposition 2.13. In Section 6, we prove Theorem C.
2. Preliminaries
2.1. The space of k-marked groups and the Cayley topology. We briefly describe
the definition of G(k) and the Cayley topology. For more detail, see [Gri84, Section 6] and
[dlH00, Section V.10].
Fix k ∈ N≥1. A k-marked group G = (G;S) = (G; s1, . . . , sk) is the pair of a group
G and an ordered k-tuple S = (s1, . . . , sk) of generators (as a group). We identify two
marked groups (G; s1, s2, · · · , sk) and (G′; s′1, s′2, · · · , s′k) if there exists an isomorphism
ϕ : G
≃→ G′ satisfying ϕ(sj) = s′j for all j ∈ [k]. We denote by G(k) the set of all (the
isomorphism classes of) marked groups.
The key observation is that there is a natural one to one correspondence
G(k) ←→ {N : N E Fk} (⊆ {0, 1}Fk )
by G = (G; s1, . . . , sk) 7→ Ker{ϕG : Fk ։ G}. Here, ϕG above is given by sending aj to
sj for every j ∈ [k]. (Recall our notation of the free k-marked group Fk = (Fk; a1, . . . , ak)
from Introduction.)
Definition 2.1. The Cayley topology on G(k) is defined as the relative topology on the set
{N : N E Fk}, via the identification above, induced by the product topology on {0, 1}Fk .
We write the convergence of a sequence in this topology asGm
Cay→ G∞ or as limm→∞Gm =
G∞.
Since the set {N : N E Fk} is closed in {0, 1}Fk , the Cayley topology is metrizable and
compact.
There are two viewpoints of the Cayley topology: One is logical (relations on groups)
and the other one is geometric (balls of Cayley diagrams). Before proceeding to them,
we give the definition of Cayley diagrams and Cayley graphs of marked groups; these two
notions are distinguished in this paper.
Definition 2.2. Let G = (G;S) = (G; s1, . . . , sk) ∈ G(k).
(i) (1) The Cayley diagram, written as CayD(G), is an edge-colored and edge-oriented
graph constructed as follows: The vertex set is G. Each edge is colored in either
of k colors [k] = {1, 2, . . . , k}. For every g ∈ G and sj, j ∈ [k], draw an edge from
GROUP APPROXIMATION IN CAYLEY TOPOLOGY 9
g to sjg; we color this edge in color j(∈ [k]) and put an orientation from g to
sjg. The edge set is constructed by performing this procedure for all g ∈ G and
sj for all j ∈ [k]. The resulting CayD(G) is a diagram, possibly with self-loops
or multiple edges.
(2) The Cayley graph, written as Cay(G), is a graph obtained by forgetting both of
edge-colorings and edge-orientations from CayD(G).
Both of CayD(G) and Cay(G) are equipped with the shortest path metric on
vertices, denoted by dG; for CayD(G), we ignore edge-orientations for paths. Hence,
CayD(G) and Cay(G) are isometric as metric spaces.
(ii) (1) For R ∈ N and for a non-empty subset Y of G let BG(Y,R) denote the neigh-
borhood
BG(Y,R) = {g ∈ G : there exists h ∈ Y such that dG(g, h) ≤ R}
and let ∂G(Y,R) denote the boundary BG(Y,R) \ Y . For a singleton {g}, we
simply write BG(g,R) for BG({g}, R).
(2) For R ∈ N and for g ∈ G, let BCayD(G)(g,R) denote the closed ball of radius R
centered at g as a diagram, namely, we take the induced graph of CayD(G) on
the vertex set BG(g,R) and construct a diagram by keeping all information on
edge-colorings and edge-orientations from the original diagram. We regard g as
the root of BCayD(G)(g,R); thus, BCayD(G)(g,R) is in fact a rooted diagram.
By construction, each vertex g of CayD(G) has degree 2k: One edge outgoing from
g in color j for each j ∈ [k], and one edge incoming to g in color j for each j ∈ [k].
Here if there exists a self-loop (this amounts to saying that sj = eG for some j ∈ [k]),
then we consider this loop as two edges: One outgoing and the other incoming. Consider
two diagrams with the same edge-coloring set [k]. We then say a map between them
is a diagram automoprhism if it is a graph isomorphism and if it furthermore preserves
edge-colorings and edge-orientations.
There are two ways to define Cayley diagrams/graphs. In this paper, we adopt that of
right Cayley diagrams/graphs. Namely, G acts on CayD(G) as diagram automoprhisms
transitively from the right, and it acts on Cay(G) as graph automorphisms from the right.
The metric on CayD(G) (on Cay(G)) coincides with the right-invariant word metric on
G with respect to the marking S; as we did in Definition 2.2, we write that metric as dG
in this paper. In this way, we view G as a geometric object.
Example 2.3. The Cayley diagram CayD(G) keeps complete information of G. On the
other hand, the Cayley graph Cay(G) loses much information in general. For instance,
let G be a finite group and SG = G \ {eG} (with some ordering). Then, for G = (G;SG),
the Cayley graph Cay(G;SG) is the graph obtained by doubling each edge of the complete
graph K♯(G) of size ♯(G). Hence, whenever ♯(G) = ♯(H) <∞ (even when G is simple and
H is abelian), Cay(G;SG) and Cay(H;SH) are isomorphic (as graphs).
To get an example among infinite groups, for instance, take wreath products with a
fixed infinite (marked group); see Example 2.10 for the definition.
We now explain two viewpoints of the Cayley topology.
(1) (Logical viewpoint) A relation r is an element in Fk. For a relation r, each marked
groupG is classified into either of two cases: One is that the aforementioned surjection
ϕG : Fk ։ G sends r to eG (in this case, we say that G satisfies the relation r), the
other is that ϕG sends r to a non-neutral element (in that case, we say that G fails
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r). In this way, G(k) is decomposed into
G(k) = {G : G satisfies r} ⊔ {G : G fails r}.
These two sets in the right hand side are both clopen (closed and open) in the Cayley
topology. Moreover, these sets for all r ∈ Fk generate the topology.
(2) (Geometric viewpoint) The convergence in the Cayley topology may be regarded as
the local convergence (equivalently, the Gromov–Hausdorff convergence in the current
setting) among rooted diagrams. Precise meaning is as follow.
(Gm)m∈N converges to G∞ in G(k) (in the Cayley topology)(⋆)
⇐⇒ “For every R ∈ N, there exists mR ∈ N such that for all m ≥ mR,
BCayD(Gm)(eGm , R)
∼= BCayD(G∞)(eG∞ , R) as rooted diagrams.”
Here an isomorphism BCayD(Gm)(eGm , R)
∼=→ BCayD(G∞)(eG∞ , R) as rooted diagrams
means a diagram isomorphism that preserves roots (eGm 7→ eG∞). From our discussion
below Definition 2.2, such an isomorphism is canonical; it is unique if exists.
In the viewpoint of (1), (⋆) amounts to saying the following.
Lemma 2.4. Let Gm = (Gm; s
(m)
1 , . . . , s
(m)
k ), m ∈ N, and G∞ = (G∞; s(∞)1 , . . . , s(∞)k ) be
in G(k). Then, limm→∞Gm = G∞ if and only if for every R ∈ N, there exists mR ∈ N
such that for all m ≥ mR, the map defined by sending s(m)j to s(∞)j for every j ∈ [k] gives
rise to a partial isomorphism βGm,G,R : BGm(eGm , R) → BG∞(eG∞ , R). Here a partial
isomorphism means a bijective partial homomorphism (recall Definition 1.4).
In other words, for G = (G; s1, . . . , sk) ∈ G(k), if we define for each R ∈ N,
N(G, R) = {H = (H; t1, . . . , tk) ∈ G(k) : the map tj 7→ sj induces
a partial isomorphism βH,G,R : BH(eH , R)→ BG(eG, R).},
then {N(G, R)}R∈N forms an (open) neighborhood system of G.
We describe some intuition of the local convergence by a pedagogical example in Sub-
section 5.1. We suggest the readers consult Lemma 5.1 and the proof of it.
Remark 2.5. The Cayley topology may be seen as (some restriction of) the Chabauty
topology (for a locally compact group) in a special case. More precisely, the Chabauty
topology for Fk is the topology on the set of all subgroups of Fk, which is defined as the
relative topology to the product topology on {0, 1}Fk ; the Cayley topology on G(k) is
identical to the Chabauty topology above, restricted to the set of all normal subgroups of
Fk.
For two marked groups G = (G; s1, . . . , sk) and G
′ = (G′; s′1, . . . , s
′
k), we say that G
′ is
a marked group quotient of G if there exists a surjective homomorphism G։ G′ sending
sj to s
′
j for every j ∈ [k]. We say that G is finitely presented the corresponding kernel of
Fk ։ G is generated as a normal subgroup of Fk by finitely many elements. The finite
presentability ofG does not depend on the choice of markings; see [dlH00, V.2]. Recall the
definitions of the Cayley boundary and the LEF property, respectively, from Definitions 1.1
and 1.4. The following lemma was proved by Vershik–Gordon [VG97, 2. Theorem].
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Lemma 2.6. (1) All finite marked groups are isolated in the space of marked groups.
In particular, if (Gm)m∈N is a sequence of finite marked groups in G(k) such that
limm→∞ ♯(Gm) =∞, then
∂Cay(Gm)m = {Gm : m ∈ N}Cay \ {Gm : m ∈ N}.
Here { }Cay denotes the closure in the Cayley topology.
(2) Let G be a finitely presented marked group. Then,
QG = {marked group quotients of G}
forms a (closed and) open set in the Cayley topology. In particular, for a finitely
presented group G, G is RF if and only if it is LEF.
Before proceeding to the proof of Lemma 2.6, we make the following remark. In the
definition of box spaces (see below Definition 1.2), we assume that (Nm)m is nested (in
other words, Nm+1 6 Nm holds for every m ∈ N). In general, we may remove this
condition: for general sequence (Nm)m∈N of finite index normal subgroups, if we set N
′
m =⋂
l≤mNl, then (N
′
m)m∈N is a nested sequence of finite index normal subgroups. However, if
we drop the condition of being nested, we need to modify the other condition
⋂
m∈NNm =
{eG} to
liminfm→∞Nm(=
⋃
m∈N
⋂
n∈N≥m
Nn) = {eG}.
These two conditions are equivalent if (Nm)m is nested. However, in general case of a
sequence of finite index normal subgroups, the latter condition is the right one to ensure
that ((G/Nm;S mod Nm))m converges to (G;S) in the space of marked groups. Compare
with the discussion in Remark 2.15.
Proof of Lemma 2.6. Item (1) follows from (⋆). The former-half of (2) is proved in the
viewpoint (1) above because QG exactly equals the set of all marked groups satisfying
r1, . . . , rl, where r1, . . . , rl determine the relations of G. Then, the latter-half follows; see
the remark above. 
In this paper, for a Cayley convergent sequence (Gm)m, Gm
Cay→ G, we call it a
LEF approximation of G if Gm is finite for all m. We call it a LEA approximation
if Gm is amenable for all m. We call it an RF approximation if Gm is of the form
(G/Nm;S mod Nm) such that for every m ∈ N, Nm is a finite index normal subgroup
of G and liminfm→∞Nm = {eG} holds; see the remark above the proof of Lemma 2.6.
The latter-half of (2) above says that a LEF approximation of a finitely presented marked
group is eventually an RF approximation. In the next subsection, we show examples of
LEF approximations that are far from RF approximations; see also Subsections 5.2 and
5.3.
The following lemma is quite easy to show; we omit the proof of it.
Lemma 2.7. Let ((Lm; v
(m)
1 , . . . , v
(m)
ℓ ))m∈N be a convergent sequence to (L∞; v
(∞)
1 , . . . , v
(∞)
ℓ )
in the Cayley topology. Let k ∈ N≥1 and let ω1, . . . , ωk be words in Fℓ. For every
m ∈ N ∪ {∞}, let s(m)j = ωj(v(m)1 , . . . , v(m)ℓ ) for every j ∈ [k]. Let Gm be the sub-
group of Lm generated by s
(m)
j , j ∈ [k]. Then ((Gm; s(m)1 , . . . , s(m)k ))m∈N converges to
(G∞; s
(∞)
1 , . . . , s
(∞)
k ) in the Cayley topology.
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2.2. Examples to apply Theorem A. We here exhibit several examples that respec-
tively express points (a), (b) and (c) in Introduction.
Example 2.8 (Point (a)). We describe an example of (Gm)m whose Cayley boundary
is a continuum consisting only of amenable groups; this example was brought to the
authors by Grigorchuk. In [Gri84, Section 2], Grigorchuk defined 4-marked groups Gω =
(Gω ; aω, bω, cω, dω) associated with an (infinite) string ω in Ω = {0, 1, 2}N. (For instance,
for ω = (012) = 012012 · · · , Gω is the first example of groups of intermediate growth.)
Grigorchuk proved that for every ω ∈ Ω, Gω is amenable and RF. Set Ω′ to be the set of
strings in ω ∈ Ω that are not eventually constant (in other words, Ω′ = Ω \ Ω2, where Ω2
is as in [Gri84]). We gather all finite marked group quotients of Gω and take the union
of such for all ω ∈ Ω′. Since every such marked group is finite, we can enumerate all the
elements in this union (say, by order of the group).
Proposition 2.9. Let (Gm)m∈N be an enumeration of the above union of finite marked
groups. Then ∂Cay(Gm)m is a continuum of amenable marked groups. Moreover, it has a
continuum of isomorphism classes of groups.
Proof. Grigorchuk showed that ∂Cay(Gm)m above coincides with the set {G˜ω : ω ∈ Ω};
see [Gri84, Section 6 and Proposition 6.2] for details. For ω ∈ Ω′, G˜ω = Gω; otherwise,
G˜ω is virtually solvable. The final assertion follows from [Gri84, Section 5]. 
By (i) of Theorem A,
∐
m∈N Cay(Gm) for (Gm)m∈N as in Proposition 2.9 has property
A.
Example 2.10 (Point (b)). We explain (a class of) groups that are LEF but not RF. Our
first examples come from (restricted) (permutational) wreath products. Let G,H be a
group, I be a set and I x H be a transitive action. Then the (restricted) permutational
wreath products G ≀I H is defined as the semidirect product (
⊕
I G)⋊H, where H acts on
(
⊕
I G) by permutations of coordinates. If I = H and the action H x H is by the right
multiplications, then G ≀H H is usually written as G ≀H, and it is called the (restricted)
wreath product of G and H.
For G = (G; s1, . . . , sk1) ∈ G(k1) and H = (H; t1, . . . , tk2) ∈ G(k2), define a new
marked group G ≀ H ∈ G(k1 + k2) as follows. The group is G ≀ H, and the marking
is (s1δeH , eH), (s2δeH , eH), . . . , (sk1δeH , eH), (e, t1), (e, t2), . . . , (e, tk1)). Here e is the group
unit of
⊕
H G, and for g ∈ G and h ∈ H, gδh ∈
⊕
H G denotes the element whose h-entry
is g and all of whose other entries are eG.
Proposition 2.11. (1) (§2.4. Theorem in [VG97]) If Gm Cay→ G∞ ∈ G(k1) and if Hn Cay→
H∞ ∈ G(k2), then as min{m,n} → ∞,
Gm ≀Hn Cay−→ G∞ ≀H∞ in G(k1 + k2).
In particular, the LEF property and the LEA property are respectively closed under
taking wreath products.
(2) (Theorem 3.2 in [Gru57]) Let H be an infinite group. If G ≀H is RF, then G must be
abelian.
See [Mim18, Lemma 4.7 and Remark 4.8] for more details; these also provide another
pedagogical example of the Cayley convergence other than Lemma 5.1.
Hence, (Z ≀Z) ≀Z is one example of amenable LEF group that is not RF. Item (1) in the
proposition above should be clear to the readers who know a relationship between G ≀H
and random walks on H with lamps in G.
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Another example is a (finitely generated) simple infinite amenable group. H. Matui
[Mat06] and Juschenko–Monod [JM13] provided the first example of such groups, the
commutator subgroups of the topological full group of a minimal subshift on the Cantor
set. In particular, these groups are not RF. On the other hand, Grigorchuk and K.
Medynets [GM14] showed that they are LEF.
An example concerning amenable but not LEF groups can be obtained from work of L.
Bartholdi and A. Erschler [BE15] on pre-orderings on the space of marked groups; see also
[Arz14]. In [BE15, Proposition 6.15], they showed that if G and H are finitely generated
group with H infinite and if G does not satisfy any identity (law), then there exist k ∈ N≥2
and a sequence of markings (Sm)m∈N of G ≀H such that limm(G ≀H;Sm) = Fk. We apply
this for G being H3, one of Houghton groups; see [dCGP07, Subsection 5.3]. The group
H3 is a finitely presented group that admits a short exact sequence
1 −→ Sym<ℵ0(Z) −→ H3 −→ Z2 −→ 1;
recall our notation of symmetric groups from Introduction. Since both of Sym<ℵ0(Z) (this
is a locally finite group) and Z2 are amenable, so is H3. Note that Sym<ℵ0(Z) contains a
copy of Alt(Z) with index 2. Here Alt(Z) denotes the alternating group over Z, namely,
the inductive limit of alternating groups on [−m.m] over as m → ∞. Since Alt(n) is
simple for all n ∈ N≥5, the group Alt(Z) is simple. By Lemma 2.6 and by simplicity of
Alt(Z), H3 is not LEF. Since H3 contains a copy of Sym<ℵ0(Z), it does not satisfy any
identity.
Therefore, by the aforementioned result in [BE15], the group H3 ≀Z, which is amenable,
admits a sequence of markings (Sm)m with respect to which the marked groups converge to
some (non-abelian) free marked group Fk. By Theorem A, the disjoint union
⊔
mCay(H3 ≀
Z;Sm) does not have property A.
We here note the following: R. Willett [Wil11] showed that the (coarse) disjoint union
of finite connected graphs of every degree ≥ 3 whose girth tends to +∞ does not have
property A. However, it cannot be generalized to the disjoint union of infinite graphs in
the full generality: For instance, the disjoint union of (countable copies of) the infinite 4-
regular tree has property A because a single copy has property A. Therefore, our example
concerning H3 ≀ Z does not directly follow from Willett’s result. In our case, these graphs
are Cayley graphs of amenable groups, and we utilize it in the proof.
Example 2.12 (Point (c)). We provide an example for which the phenomenon in (c) occurs
other than Example 1.5. This is done by replacing the coefficient ring Fpnm of unimodular
linear groups with some other rings; recall Remark 1.7. Fix (lm)m∈N≥3 a sequence of
integers at least 2 such that limm→∞ lm = +∞. Set Gm = SL±(m,Z/lmZ) and take two
markings Sm, Tm as follows:
• Set Sm = (σ(m), δ(m), τ (m)), where σ(m) and τ (m) are the matrices with exactly
the same entries of 0 and 1 as in, respectively, σ(m) and τ (m) in Example 1.5. The
element δ(m) is the matrix with exactly the same entries of 0, 1 and −1 as in δ(m)
in Example 1.5.
• Set Tm = (σ(m), σ′(m), δ(m), τ (m)), where σ(m), δ(m) and τ (m) are as in the item
above, and σ′(m) = tσ(m).
Similar to Corollary B, we will show the following in Subsection 5.3.
Proposition 2.13. Let Gm, Sm, Tm be as in the current example for m ∈ N≥3.
(1) Then, V = V(lm)m =
⊔
m≥3 Cay(Gm;Sm) has property A.
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(2) Then, W = W(lm)m =
⊔
m≥3Cay(Gm;Tm) does not admit a coarse embedding into a
Hilbert space.
M. Kassabov pointed out to the authors that essentially the same sequence as (Cay(Gm;Sm))m≥3
of the current example was studied by A. Lubotzky and B. Weiss [LW93] in the context
of expanders; see also examples in Remark 5.10.
2.3. Relation between the Cayley boundary and diagonal products of marked
groups. In [KP13, Definition 4.3], Kassabov and I. Pak gave the definition of the diagonal
product of marked groups as follows; in [KP13], they used the terminology “
⊗
-products.”
See also [BZ15, Subsection 2.1].
Definition 2.14 (Diagonal product). Let (Gm = (Gm; s
(m)
1 , . . . , s
(m)
k ))m∈N be a sequence
in G(k). Then we define ∆m∈N(Gm) ∈ G(k) as follows: Set s˜1, . . . , s˜k by s˜j = (s(0)j , s(1)j , s(2)j , . . .) ∈∏
m∈NGm for j ∈ [k]. Then, define ∆m∈N(Gm) = (Λ; s˜1, . . . , s˜k), where Λ is the subgroup
of
∏
m∈NGm generated by s˜1, . . . , s˜k.
For every n ∈ N, the projection onto n-th coordinate gives a marked group projection
map ∆m∈N(Gm) ։ Gn. If (Gm)m is an RF approximation of G, then ∆m∈N(Gm) co-
incides with G. In what follows, we describe a relationship between this notion and the
Cayley boundary of (Gm)m.
An ultrafilter U over N has a one-to-one correspondence to a probability {0, 1}-valued
mean ν (finitely additive measure) that is defined on all subsets of N: The corresponding
U ←→ ν is
A ⊆ N is in U ⇐⇒ ν(A) = 1.
An ultrafilter over N is said to be non-principal if it does not correspond to the Dirac mass
at a point in N; equivalenly, if it includes the cofinite filter Ucofin = {A ⊆ N : ♯(N\A) <∞}
(as a subfilter).
For marked groups (Gm)m∈N and H in G(k) and for a non-principal ultrafilter U , we
write that limU Gm = H if the following condition is satisfied: For every R ∈ N,
{m ∈ N : BCayD(Gm)(eGm , R) ∼= BCayD(H)(eH , R)} ∈ U ,
where ∼= denotes the isomorphism as rooted diagrams. (Recall from (⋆) that the usual
Cayley convergence amounts to requiring this with respect to Ucofin.) By compactness of
G(k), for each choice of U , limU Gm always exists, and the limit is unique for a fixed U .
If (Gm)m is a convergence sequence, then limU Gm coincides with limm→∞Gm for every
non-principal ultrafilter U . The Cayley boundary ∂Cay((Gm)m∈N) exactly equals the set
{limU Gm: U is a non-principal ultrafilter.}.
Going back to the diagonal product, we set
NU =
{
g = (g0, g1, . . .) ∈
∏
m∈N
Gm : {m ∈ N : gm = eGm} ∈ U
}
for each non-principal ultrafilter (for the cofinite filter, we can define NUcofin in a similar
manner, and it then equals
⊕
m∈NGm). Then NU is a normal subgroup of
∏
mGm, and
we have a marked group isomorphism
lim
U
Gm ∼= (Λ/(NU ∩ Λ); (s˜1, . . . , s˜k) mod (NU ∩ Λ)).
Compare with [KP13, Lemma 4.6].
In particular, for a LEA approximation (Gm)m of an amenable group, the group Λ as in
∆m(Gm) is amenable, as we also observed in our Part III paper [MOSS15, Proposition 5.2].
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Remark 2.15. If (Gm)m is a LEF approximation of G∞, then the underlying group Λ of
∆m(Gm) is RF. To obtain a concrete RF approximation of Λ, for every n ∈ N, consider
Hn = ∆
n
m=0(Gm).
Here the right-hand side is defined as (Hn; s˜
(n)
1 , . . . , s˜
(n)
k ), where for every j ∈ [k],
s˜
(n)
j = (s
(1)
j , . . . , s
(n)
j ) ∈
n∏
m=0
Gm.
Then, (Λ, s1, . . . , sk) admits a marked group quotient map onto each Hn via the projection∏
m∈NGm ։
∏n
m=0Gm. Set N˜n be the kernel of the marked group quotient map. Then
(N˜n)n∈N is a nested sequence (recall the remark below Lemma 2.6) such that
⋂
n∈N N˜n =
{eΛ}. Hence (Hn)n∈N is an RF approximation of (Λ; s˜1, . . . , s˜k).
By considering the sequence of marked groups (∆m∈N≥n(Gm))n∈N, we observe that a
LEF group is the Cayley limit of some RF groups.
2.4. Large scale geometry: Property A, coarse embeddings and (coarse) dis-
joint union. In this subsection, we introduce basic terminologies in study of large scale
geometry. Let X = (X, d) be a metric space. In this paper, we often allow the value of
the metric function d to be +∞. In that case, we call X a generalized metric space in the
present paper.
Definition 2.16. The (generalized) metric space (X, d) is said to be uniformly locally finite
or to have bounded geometry, if for each positive real number R, supx∈X ♯(BX(x,R)) <∞.
Here BX(x,R) denotes the closed ball centered at x of radius R.
For a sequence (Xm, dm)m of (generalized) metric spaces, we say that (Xm, dm)m is
equi-uniformly locally finite if the supremum above is uniformly finite on m for every
R ∈ R≥0.
Examples of our concern are Cayley graphs of k-marked groups and (coarse) disjoint
unions of them (for fixed k). We here give the definition of the latter one(s).
Definition 2.17. Let (Xm, dm)m∈N be a sequence of metric spaces.
(1) The disjoint union of ((Xm, dm)m∈N is the generalized metric space constructed as
follows: The space is
⊔
m∈NXm, and we equip it with a generalized metric d on that
by d(x, y) = dm(x, y) if x and y are in the same component Xm; otherwise d(x, y) =∞.
We simply write the disjoint union (as a generalized metric space) as
⊔
m∈NXm.
(2) Assume that each Xm, m ∈ N has a finite diameter (namely, for every m ∈ N, the
maximal distance between two points in Xm is finite). Then a coarse disjoint union of
((Xm, dm)m∈N, which is a (genuine) metric space, is defined as follows: The underlying
space is again
⊔
m∈NXm. We endow it with a metric function d
′ as follows.
d′(x, y) =
{
dm(x, y), if (x, y) ∈ Xm ×Xm,
diam(Xm) + diam(Xn) +m+ n, if (x, y) ∈ Xm ×Xn, m 6= n,
We write a coarse disjoint union as
∐
m∈NXm.
For a sequence (Xm)m of equi-uniformly locally finite metric spaces,
⊔
mXm is a uni-
formly locally finite generalized metric space. If diam(Xm) < ∞ for all m, then
∐
mXm
is a uniformly locally finite metric space.
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Remark 2.18. The specific form of this metric function d′ on the coarse disjoint union
is not important; what is required is dist(Xm,Xn) ≥ max{diam(Xn),diam(Xn)} and
dist(Xm,Xn) tends to +∞ as min{m,n} tends to∞ with satisfying m 6= n. Hence, unlike
the disjoint union, there is ambiguity on concrete metrics of coarse disjoint unions, which
is irrelevant in this paper.
The notion of disjoint unions is natural in the framework of coarse spaces, but we will
not go in details of that.
We give one definition of property A of Yu.
Definition 2.19 (Definition 11.35 of [Roe03]). A uniformly locally finite (generalized)
metric space (X, d) has property A if the following condition holds: For every C > 0 and
for every (small) ǫ > 0, there exists a map X ∋ x 7→ ηx ∈ ℓ2(X) assigning unit vectors
such that
• sup{d(x, y) : x ∈ supp(ηy)} <∞,
• if d(x, y) < C, then ‖ηx − ηy‖ < ǫ.
Remark 2.20. We may replace ℓ2(X) with any other infinite dimensional Hilbert space
H (following an idea in [BNW07, Theorem 3]). When we use H, the first condition of η
is replaced with sup{d(x, y) : 〈ηx, ηy〉 6= 0} < ∞. As a corollary, property A passes to
subsets.
We exhibit some examples of metric spaces with property A. For finitely generated
groups (viewed as metric spaces by some word length/Cayley graph), amenable groups
and linear groups [GHW05] both have property A. N. Ozawa [Oza06, Corollary 3] showed
that groups hyperbolic relative to (finitely many) subgroups with property A has property
A. Quite recently, it is showed that Out(Fn) have property A [BGH17] for all n. A
uniformly locally finite metric space with finite asymptotic dimension [Gro93, Section 1E]
has property A [HR00, Lemma 4.3]. On the other hand, there exist some groups without
property A; see [Gro03], [AD08], [AO14] and [Osa14]. D. Osajda [Osa18], building on
earlier work of [Osa14] and [AO14], constructed an RF group without property A. We
employ these constructions in our Part II paper; see [MS, Theorem C and Subsection 9.2].
We recall a notion that amounts to an inclusion in large scale geometry, which is called
a coarse embedding.
Definition 2.21. Let (X, dX ) and (M,dM ) be generalized metric spaces.
(1) A (possibly discontinuous and possibly non-injective) map f : X →M is called a coarse
embedding if there exist non-decreasing functions ρ, ω : [0,∞)→ [0,∞) that are proper
(namely, limr→+∞ ρ(r) = limr→+∞ ω(r) = +∞) such that for all (x1, x2) ∈ X × X
with dX(x1, x2) <∞, it holds that
ρ(dX(x1, x2)) ≤ dM (f(x1), f(x2)) ≤ ω(dX(x1, x2)).
(In particular, if dX(x1, x2) <∞, then dM (f(x1), f(x2)) <∞.)
(2) In the definition above, we call ρ, ω and (ρ, ω), respectively, a compression function,
an expansion function and a control pair for f . A pair (ρ, ω) of non-decreasing proper
functions [0,∞)→ [0,∞) is called a control pair for X into M if there exists a coarse
embedding f : X → M for which (ρ, ω) is a control pair. Define CPM (X) to be the
the set of all control pairs for X into M .
For a (generalized) metric space X that has property A, there exists a coarse embedding
of X into a Hilbert space; see [Yu00].
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For a sequence (Xm = (Xm, dm))m of equi-uniformly locally finite metric spaces each of
whose diameter is finite, it is straightforward to see that the disjoint union
⊔
mXm admits
a coarse embedding into a Hilbert space if and only if so does a coarse disjoint union∐
mXm. Indeed, to construct a coarse embedding into a Hilbert space from
∐
mXm from
one from
⊔
mXm, we send each Xm to an appropriate codimension 1 subspace Hm of a
Hilbert space in such a way that dist(Hm,Hn) is sufficiently big in terms of (m,n) with
m 6= n. Concerning on property A, we prove the following.
Proposition 2.22. Let (Xm)m∈N be a sequence of equi-uniformly locally finite metric
spaces such that diam(Xm) < ∞ for all m ∈ N. Then, the disjoint union
⊔
m∈NXm has
property A if and only if so does a coarse disjoint union
∐
m∈NXm.
This proposition almost immediately follows from a general statement on union perma-
nence of certain coarse geometric properties; see [Gue14, Proposition 2.20]. However, for
the reader’s convenience, we include a direct proof of Proposition 2.22, as follows.
Proof. We prove this for the specific choice of the metric d′ on
∐
mXm as in Definition 2.17;
the proof works for all the other choices that satisfy the conditions in Remark 2.18. Let d
be the metric function on the disjoint union X =
⊔
m∈NXm.
Assume that the disjoint union X has property A. For every ǫ > 0, and C > 0, there
exists a map X ∋ x 7→ ηx ∈ ℓ2(X) assigning unit vectors such that
• if d(x, y) < C, then ‖ηx − ηy‖ < ǫ,
• there exists R > 0 such that C < R and d(x, y) < R whenever x ∈ supp(ηy).
Choose and fix some unit vector η0 in ℓ2
(
X1 ⊔ · · · ⊔X⌊R⌋
)
, where ⌊R⌋ denotes the integer
part of R. Define η˜ :
∐
m∈NXm → ℓ2(
∐
m∈NXm)) as{
η˜x = η0, if x ∈ Xm with m ≤ R,
η˜x = ηx, if x ∈ Xm with m > R.
If x, y ∈ ∐m∈NXm and x ∈ supp(η˜y), then (x, y) ∈ (X1 ⊔ · · · ⊔X⌊R⌋)2 or d′(x, y) ≤
d(x, y) ≤ R. It follows that
sup{d′(x, y) : x ∈ supp(η˜y)} <∞.
Since C < R, for x, y ∈∐m∈NX, if d′(x, y) < C, then x, y ∈ X1⊔· · ·⊔X⌊R⌋ or d(x, y) < C.
It follows that if d′(x, y) < C, then ‖η˜x − η˜y‖ < ǫ. We hence conclude that the coarse
disjoint union
∐
m∈NXm has property A.
The converse is straightforward. 
3. Property A and amenability
In this section, we prove item (i) of Theorem A; in fact, we prove the following.
Theorem 3.1. Let (Gm)m∈N be a sequence consisting of amenable marked groups in G(k).
Then, the following are equivalent:
(1) The disjoint union
⊔
mCay(Gm) has property A.
(2) (Under the condition that allGm, m ∈ N, are finite) A coarse disjoint union
∐
mCay(Gm)
has property A.
(3) The Cayley boundary ∂Cay((Gm)m) is pointwise amenable, that means, every element
in ∂Cay((Gm)m) is amenable.
(4) The Cayley boundary ∂Cay((Gm)m) is uniformly amenable in the sense of Defini-
tion 3.3.
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(5) The Cayley closure (Gm)m
Cay
is pointwise amenable.
(6) The Cayley closure (Gm)m
Cay
is uniformly amenable.
3.1. Uniform amenability. Amenability of groups has considerably many equivalent
characterizations. One of them for finitely generated groups is the Følner property.
Definition 3.2. For R ∈ N, define a function Rel( · , R) on marked groups by
Rel(G, R) = min
{
♯(∂G(Y, 1))
♯(Y )
: ∅ 6= Y ⊆ BG(eG, R)
}
.
By definition, Rel(·, R) is non-increasing on R ∈ N. The Følner set characteriza-
tion of amenability states that a finitely generated group G is amenable if and only if
infRRel(G, R) = 0 for some (equivalently, all) marking G of G.
Definition 3.3. A non-empty subset K ⊆ G(k) is said to be uniformly amenable if
inf
R∈N
sup
G∈K
Rel(G, R) = 0
holds true.
3.2. Topological properties of the set of amenable groups. The goal of this subsec-
tion is to show that the uniformity is automatic for a compact subset of G(k) concerning
amenability. More precisely, we will prove the following.
Proposition 3.4. Let K be a non-empty compact subset of G(k). Then the following are
equivalent:
(1) The set K is pointwise amenable.
(2) The set K is uniformly amenable.
Proof. From (⋆) (and Lemma 2.4), the following can be observed (employ βH,G,R+1):
Lemma 3.5. For every R ∈ N, Rel( · , R) : G(k)→ R≥0 is locally constant. In particular,
it is continuous.
We only need to show [(1)⇒ (2)]. The non-increasing sequence (Rel( · , R))R∈N point-
wise converges to 0 on K by the assumption (1). By Lemma 3.5, the Dini Theorem shows
that this convergence is uniform on K. 
We remark the following set-theoretic observation on amenable marked groups.
Proposition 3.6. For every k ∈ N≥1, the set of amenable marked groups A(k) ⊆ G(k)
is an intersection of countably many open subsets of G(k). The relative topology on A(k)
with respect to the Cayley topology is metrizable by a complete metric.
Proof. For each n ∈ N, define an open subset Fn of G(k) by
Fn =
⋃
R∈N≥1
{G ∈ G(k) : Rel(G, R) < 2−n}.
Then, it follows that A(k) is identical to the intersection ⋂n∈N≥1 Fn. The second assertion
follows from a general theorem for Polish spaces (see, for instance, [Kec95, Theorem 3.11]).

GROUP APPROXIMATION IN CAYLEY TOPOLOGY 19
3.3. Proof of Theorem 3.1. In this subsection, we will prove Theorem 3.1. Our proof
employs the concept of positive definite functions on groups and GNS constructions of
them in an essential way. The readers who are not familiar with these topics may consult
[BdlHV08, Appendix C].
We will utilize the following three lemmata.
Lemma 3.7. Let ϕ : Fk ։ G be a marked group quotient map. Let N be Kerϕ E Fk.
Then for every f1, f2 ∈ Fk,
dG(ϕ(f1), ϕ(f2)) = distFk(f1f
−1
2 , N)(= min{dFk(f1f−12 , x) : x ∈ N}).
Proof. Straightforward. 
Lemma 3.8. Let ϕ : F → G be a homomorphism between groups. Let φ be a positive
definite function on G. Then the function ψ = φ ◦ ϕ on F is positive definite.
Proof. By definition. 
Lemma 3.9. Let ϕ : F → G be a surjective homomorphism between groups. Denote by
N the kernel of ϕ. Let ψ be a positive definite function on F . Suppose that ψ(h) = 1 for
every h ∈ N . Then there exists a positive definite function φ on G such that ψ = φ ◦ ϕ.
Proof. Let (v,H, η) be the GNS-construction for the positive definite function ψ. Then
the function ψ is expressed as ψ(f) = 〈v(f)η, η〉. Since eF ∈ N , we have that ‖η‖2 =
ψ(1Fk ) = 1. For every h ∈ N and f ∈ F , since f−1hf ∈ N , it follows that
‖v(h)v(f)η − v(f)η‖2 = 2‖η‖2 − 2Re(〈v(hf)η, v(f)η〉)
= 2− 2Re(ψ(f−1hf))
= 0.
Hence N is included in the kernel of the group homomorphism v. Hence, there exists a
group homomorphism u : G → U(H) such that v = u ◦ ϕ. The function φ(g) = 〈u(g)η, η〉
on G satisfies the required conditions. 
Proof of Theorem 3.1. The equivalence [(1) ⇔ (2)] is by Proposition 2.22. The equiva-
lences [(3) ⇔ (4)] and [(5) ⇔ (6)] both follow from Proposition 3.4. The equivalence
[(3)⇔ (5)] is by assumption. Hence, it suffices to show [(1)⇒ (3)] and [(6)⇒ (1)].
First, we demonstrate that (6) implies (1). Take arbitrary (big) C > 0 and (small)
ǫ > 0. Then by the assumption of (6), there exists R ∈ N≥1 such that
Rel(Gm, R) <
ǫ2
C
, for all m ∈ N.
It follows that for each m, there exists a finite subset Ym of Gm satisfying
♯ (∂Gm (Ym, 1)) <
ǫ2
C
♯ (Ym) and Ym ⊆ BGm (eGm , R) .
Define a unit vector ηm in ℓ2(Gm) ⊆ ℓ2(
⊔
m∈NGm) by
ηm =
1√
♯(Ym)
∑
y∈(Ym)−1
δy.
For g ∈ Gm, we define a unit vector ηm,g ∈ ℓ2(Gm) by
ηm,g = ηm ∗ δg = 1√
♯(Ym)
∑
y∈(Ym)−1
δyg.
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The support of ηm,g is included in BGm(g,R) ⊆ Gm.
For every pair (g, h) ∈ (Gm)2, we have that
‖ηm,g − ηm,h‖2 = ♯((Ym)
−1g△ (Ym)−1h)
♯(Ym)
=
♯(gh−1Ym △ Ym)
♯(Ym)
≤ dGm(eGm , gh−1) ·
♯(∂Gm(Ym, 1))
♯(Ym)
.
For every m ∈ N and g, h ∈ Gm with dGm(g, h) ≤ C, we have that
‖ηm,g − ηm,h‖2 ≤ C ♯(∂Gm(Ym, 1))
♯(Ym)
< ǫ2.
It follows that the metric space
⊔
m∈NCay(Gm) has property A.
Finally, we prove the implication [(1) ⇒ (3)]. In what follows, we employ the lim-
iting and averaging technique described in [Roe03, Proposition 11.39]. Suppose that⊔
m∈N Cay(Gm) has property A. Take an element G∞ ∈ ∂Cay(Gm)m arbitrarily, and
fix it. Take a subsequence of (Gm)m∈N that converges to G. Since property A passes to
subsets, we may assume that (Gm)m∈N converges to G∞. Let ǫ be an arbitrary (small)
strictly positive number and let C be an arbitrary (large) natural number. Then there
exist a natural number R and a map
η :
⊔
m∈N
Gm → ℓ2
( ⊔
m∈N
Gm
)
assigning unit vectors and satisfying the following properties:
• If g, h ∈ Gm and dGm(g, h) ≤ C, then ‖ηg − ηh‖ < ǫ.
• If g ∈ Gm, then supp(ηg) ⊂ BGm(g,R) ⊆ Gm.
We define a positive definite kernel Φ on
⊔
m∈NGm by
Φ(g, h) = 〈ηg, ηh〉, (g, h) ∈
⊔
m∈N
Gm ×
⊔
m∈N
Gm.
The kernel Φ satisfies the following:
• For g ∈ Gm, Φ(g, g) = 1.
• For (g, h) ∈ Gm ×Gm, if dGm(g, h) ≤ C, then |1− Φ(g, h)| < ǫ.
• For (g, h) ∈ Gm ×Gm, if dGm(g, h) > 2R, then Φ(g, h) = 0.
Since the group Gm is amenable, there exists a left invariant mean µm on Gm. For
g ∈ Gm, define a bounded function Φg on Gm by Φg(h) = Φ(g−1h, h). Define a function
φm on Gm by
φm(g) = µm(Φg).
The function φm satisfies the following:
• If dGm(eGm , g) ≤ C, then |1− φm(g)| < ǫ.
• If dGm(eGm , g) > 2R, then φm(g) = 0.
We claim that φm is a positive definite function. Let λ denote the left translation action on
ℓ∞(Gm): [λg(ζ)](h) = ζ(g
−1h). For n ∈ N≥1, g1, g2, · · · , gn ∈ Gm and α1, α2, · · · , αn ∈ C,∑n
i,j=1 αjαiλgj
(
Φ
g−1j gi
)
is non-negative because
n∑
i,j=1
αjαiλgj
(
Φ
g−1j gi
)
(h) =
n∑
i,j=1
αjαiΦ(g
−1
i h, g
−1
j h).
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It follows that
n∑
i,j=1
αjαiφm(g
−1
j gi) = µ
(m)

 n∑
i,j=1
αjαiλgj
(
Φg−1j gi
) ≥ 0.
Hence we prove the claim above.
Let ψm be the composition of the marked quotient map ϕm : Fk → Gm and the function
φm. By Lemma 3.8, ψm is a positive definite function of Fk. The function ψm satisfies the
following:
(1) For f ∈ Fk, if dFk(eFk , f) ≤ C, then |1− ψm(f)| < ǫ.
(2) If distFk(f,Ker(ϕm)) > 2R, then ψm(f) = 0.
Indeed, the second assertion follows from Lemma 3.7. Since ψm(eFk) = 1, we have
|ψm(f)| ≤ 1 for every f ∈ Fk. By the compactness of the disk {z ∈ C : |z| ≤ 1}, there
exists a subsequence (m(l))l∈N such that for every f ∈ Fk, the sequence (ψm(l)(f))l∈N
converges. Its limit ψ∞(f) is also a positive definite function on Fk. If f is in the kernel
of the marked quotient map ϕ∞ : Fk → G∞, then there exists mf ∈ N such that f is
in the kernel of ϕm : Fk → Gm for all m ≥ mf ; recall the original definition of the Cay-
ley topology from Definition 2.1. It hence follows that ψ∞ is 1 on the normal subgroup
Ker(ϕ‘∞) E Fk. Lemma 3.9 shows that ψ∞ induces a positive definite function φ on G∞.
For g ∈ G∞, if dG∞(eG∞ , g) ≤ C, then |1 − φ(g)| < ǫ by condition (1). By condition
(2), for f ∈ Fk, if distFk(f,Ker(ϕ∞)) > 2R, then ψ∞(f) = 0. By Lemma 3.7, it follows
that if dG∞(eG∞ , g) > 2R, then φ(g) = 0.
By varying (C, ǫ) appropriately (with according changes of R = R(C, ǫ)), we may thus
construct a sequence of positive definite functions (φn)n∈N on G∞ with φn(eG∞) = 1 such
that all of φn are finitely supported and that φn converges to the constant 1 function
pointwise. It characterizes amenability of G∞. 
Proof of (i) of Theorem A. Immediate from [(1)⇔ (2)⇔ (3)] in Theorem 3.1. 
4. A-T-menability and coarse embeddings into a Hilbert space
In this section, we will prove item (ii) of Theorem A. A finitely generated group G is
said to be a-T-menable if there exists a coarse embedding f from G to a Hilbert space H
that is of the form
f(g) = ξ · α(g), for all g ∈ G
for some ξ ∈ H and for some affine isometric action α : H x G. Here we consdier a right
action because we equip marked groups with right-invariant metrics. (This definition does
not depend on the choice of markings of G; however, the control pair for such an embed-
ding will depend on it by multiplicative constants.) More shortly, G is a-T-menable if there
exists a coarse embedding into a Hilbert space that is “G-equivariant.” Through Schoen-
berg’s argument, this condition is equivalent to the following: There exists a sequence of
positive definite functions (φm : G → R)m∈N which satisfies φm(eG) = 1 and which is c0
(namely, vanishing at infinity) such that φm pointwise converges to the constant 1 func-
tion. (This property is called the Haagerup property.) For instance, (finitely generated)
amenable groups and F2 are a-T-menable. For comprehensive treatises on a-T-menable
groups, see [CCJ+01] and [BdlHV08].
Theorem 4.1. Let (Gm)m∈N be a convergent sequence consisting of finite marked groups
in G(k). Let G∞ = (G∞;S∞) be the limit. If X =
⊔
m∈N Cay(Gm) admits a coarse
embedding into a Hilbert space, then G∞ is a-T-menable.
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Proof. By [NY12, Theorem 5.2.8], for every (small) ǫ > 0 and every (large) C ∈ N, there
exist a Hilbert space H, a map η· : X →H, and a non-decreasing function ρ˜ : N→ [0,
√
2)
converging to
√
2 as R ∈ N tends to +∞ satisfying that
• for every m and for every x ∈ Gm, ‖ηx‖ = 1,
• for every (x, y) ∈ (Gm)2, ‖ηx − ηy‖ ≥ ρ˜(dGm(x, y)),
• if dGm(x, y) ≤ C, then ‖ηx − ηy‖ < ǫ.
Define a positive definite kernel Φm on (Gm)
2 by Φm(x, y) = Re〈ηx, ηy〉. Then Φm satisfies
• Φm(x, y) = (2− ‖ηx − ηy‖2)/2 ≤ (2− ρ˜(dGm(x, y))2)/2,
• if dGm(x, y) ≤ C, then Φm(x, y) = 1− Re〈ηx, ηx − ηy〉 ≥ 1− ‖ηx − ηy‖ > 1− ǫ.
Define a function φm on Gm by
φm(g) =
1
♯(Gm)
∑
h∈Gm
Φm(g
−1h, h).
For every n ∈ N, g1, · · · , gn ∈ Gm, and α1, · · · , αn ∈ C, we have
n∑
i,j=1
αjαiφm(g
−1
j gi) =
1
♯(Gm)
n∑
i,j=1
∑
h∈Gm
αjαiΦm(g
−1
i gjh, h)
=
1
♯(Gm)
∑
h∈Gm
n∑
i,j=1
αjαiΦm(g
−1
i h, g
−1
j h)
≥ 0.
It follows that φm is a positive definite function onGm. Since dGm(g
−1h, h) = dGm(eGm , g),
we have that
• Φm(g−1h, h) ≤ (2− ρ˜(dGm(eGm , g))2)/2,
• if dGm(eGm , g) ≤ C, then Φm(g−1h, h) > 1− ǫ.
Therefore the positive definite function φm satisfies the following conditions:
• φm(eGm) = 1,
• φm(g) ≤ (2− ρ˜(dGm(eGm , g))2)/2,
• if dGm(eGm , g) ≤ C, then φm(g) > 1− ǫ.
Define positive definite functions ψm on Fk by ψm = φm ◦ ϕm, where ϕm is the marked
group quotient map Fk → Gm. By replacing with a subsequence, we may further assume
that ψm(f) converges for every f ∈ Fk. Denote by ψ the limit of (ψm)m.
Let ϕ∞ be the marked group quotient map Fk → G∞. For every f ∈ Ker(ϕ∞), there
exists mf ∈ N such that f ∈ Ker(ϕm) for all m ≥ mf . Hence ψ(f) = limm→∞ ψm(f) = 1.
By Lemma 3.9, there exists a positive definite function φ on G∞ such that ψ = φ ◦ ϕ∞.
The function φ satisfies
• φ(eG∞) = 1,
• φ(g) ≤ (2− ρ˜(dG∞(eG∞ , g))2)/2,
• if dG∞(eG∞ , g) ≤ C, then φ(g) > 1− ǫ,
By the second condition, the function φ∞ is an element of c0(G). It follows that G is
a-T-menable. 
Proof of (ii) of Theorem A. If all Gm are finite, then it is immediate from Theorem 4.1.
For the general case of amenable groups, we replace φm by employing an invariant mean
on Gm; this modification is quite similar to the argument in the proof of [(1) ⇒ (3)] of
Theorem 3.1, and hence we leave the details to the reader. 
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Remark 4.2. This proof uses specialty of Hilbert spaces (the notion of positive definite
functions). However, by adopting a well-known trick of Gromov (see [dCTV07, Proposi-
tion 4.4] and [NP11, Section 9]), we are able to extend Theorem 4.1 to more general cases.
We will discuss that in our Part II paper [MS] in the context of fibred coarse embeddings;
see [MS, Theorem A] for the main theorem.
5. Examples
In this section, we will prove Corollary B and Proposition 2.13. Proofs are done by
determining the Cayley limit group in each setting.
5.1. Local point of view. Before proceeding to the proofs, we describe the basic idea to
identify the Cayley limit group by giving an (intuitive and sketchy) proof of the following
example, which we learned from R. Tessera.
Lemma 5.1. The sequence ((Z/(2m+1 + 1)Z; [1]2m+1+1, [m]2m+1+1))m∈N≥2 converges to
(Z2; (1, 0), (0, 1)) in G(2).
Proof. (Intuitive argument) Recall that the Cayley convergence is the local convergence
among rooted diagrams; see (⋆) and Lemma 2.4.
Identify Z/(2m + 1)Z with [−2m.2m]; recall our notation from Introduction. Since
(Z/(2m+1 + 1)Z; [1]2m+1+1, [m]2m+1+1) is isomorphic to ([−2m.2m]; [1]2m+1+1, [m]2m+1+1),
these two give the same point in G(2). Hence, we discuss the convergence of ((Gm; s(m)1 , s(m)2 ) =
([−2m.2m]; [1]2m+1+1, [m]2m+1+1))m∈N≥2 .
One key here is the following: Globally, the edge colorings in color 1 (corresponding to
s(m)) on CayD(Gm) may be seen as a shift on the cycle of length 2
m+1; however, from the
local viewpoint, we cannot distinguish this shift from the shift on an infinite line. More
precisely, for l ∈ Z such that |l| is small relative to m, from the root [0]2m+1+1 ∈ [−2m.2m],
following ongoing edges in color 1 (corresponding to s
(m)
1 ) for l times (if l < 0, then it
means that we follow incoming edges in color 1 in the orientation-reversing way for −l
times) gives exactly the same functions as we do it on an infinite line. If we do similar
moves for more than 2m times, then we will realize that [2m + 1]2m+1+1 = [−2m]2m+1+1
and that we are not on the line. However, in the local point of view, we will never come up
with them. In terms of Cayley diagrams, the argument above corresponds to saying that
in R-ball centered at [0] of CayD(Gm) with R ≤ R1 = 2m, the edges colored in 1 exactly
look like them for R-balls of the Cayley diagram of (Z; 1). Similarly, on the edges colored
in 2 as long as R ≤ R2 = 2m/m.
In order to consider mutual relation between the two generators s
(m)
1 and s
(m)
2 , we
proceed our local viewpoints further. Observe that (s
(m)
1 )
m = s
(m)
2 ; this amounts to saying
that in the Cayley diagram, following the outgoing edge colored in 1 for m times results
in the same function as following the outgoing edge colored in 2. However, if we restrict
ourselves to balls of radius no more than R3 = ⌊(m−1)/2⌋, then we will not observe it. On
the other hand, the following will be observed even in a local picture: s
(m)
1 s
(m)
2 = s
(m)
2 s
(m)
1
holds. In the Cayley diagrams, it correspond to saying that following the outgoing edge
colored in 1 and then following one colored in 2 results in the same function as following
the outgoing edge colored in 2 and then following one colored in 1. This will be observed
as soon as our radius of ball is at least 2. To summarize, from the local point of view, the
function of s
(m)
1 in the Cayley diagram(edges in color 1) is indistinguishable to a shift on
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an infinite line, and the same holds for the function of s
(m)
2 ; their functions commute, but
there is no other relation on them.
From our discussions above, we conclude that in local point of view (namely, if R =
Rm is sufficiently small than m but with limm→∞Rm = ∞), BCayD(Gm)([0]2m+1+1, R) is
isomorphic, as a rooted diagram, to BCayD(Z2;(1,0),(0,1))(0, R). By (⋆), this exactly means
that Gm converges to (Z2; (1, 0), (0, 1)).
The best possible R = Rm above is min{R1, R2, R3} = ⌊(m− 1)/2⌋. This Rm →∞ as
m → ∞. However, since the diameter of CayD(Gm) is ≍ 2m+1/m, our Rm-ball is quite
small (“local”) compared with the whole (“global”) picture of CayD(Gm). 
In the discussions in proceeding examples, we will only describe how local viewpoints
are employed in an intuitive way to identify the Cayley limit group. However, everything
in our proof may be rewritten in a completely rigorous manner.
5.2. Symmetric groups. We study the example ((Sym(m);σ(m), τ (m)))m∈N≥3 as in Ex-
ample 1.3. We may assume that m is odd, and write m = 2n + 1. Then as a marked
group
(Sym(m);σ(m), τ (m)) ∼= (Sym([−n.n]); (01), (−n · · · n)),
where the second generator in the right-hand side above is the cycle permutation. There-
fore, we consider the convergence of marked groups as in the right-hand side of this iso-
morphism, and we reset as σ(m) = (01) and τ (m) = (−n · · ·n). (If m is even, we use the
isomorphism Sym(m) ≃ Sym([−n + 1.n]), where n = m/2.) Then from a local point of
view, the function of τ (m) in the Cayley diagram is indistinguishable to that of a shift
(infinite cyclic permutation) on the infinite line Z; σ(m) may be seen as the transposition
between 0 and 1 on Z. From this reasoning, define as
σ(∞) = (01), τ (∞) = (the shift on Z by +1) ∈ Sym(Z).
Then it is easy to show that
〈σ(∞), τ (∞)〉 = Sym<ℵ0(Z)⋊ Z,
where τ (∞) is the generator of Z in the semidirect product above; recall our notation of
Sym<ℵ0(B) from Introduction. Therefore, we have the following:
Proposition 5.2. For ((Sym(m);σ(m), τ (m)))m∈N≥3 as in Example 1.3,
lim
m→∞
(Sym(m);σ(m), τ (m)) = (Sym<ℵ0(Z)⋊ Z;σ
(∞), τ (∞)).
Remark 5.3. This construction may be extended to LEA groups as follows. Suppose that
(Gm = (Gm; t
(m)
1 , . . . , t
(m)
k ))m∈N is a LEA approximation of G∞ = (G∞; t
(∞)
1 , . . . , t
(∞)
k ).
Without loss of generality, we may assume that t
(m)
j 6= eGm for every m ∈ N ∪ {∞} and
every j ∈ [k]. For a countable group G and for γ ∈ G \ {eG}, set elements χγ and θγ in
Sym(Gm) as
χγ = (the transposition on {eG, γ}),
θγ = (the permutation on G given by the right-multiplication of γ).
It is then not difficult to show that for m ∈ N ∪ {∞},
Θm = 〈χt(m)1 , . . . , χt(m)k , θt(m)1 , . . . , θt(m)k 〉 equals
{
Sym(Gm), if ♯(Gm) <∞,
Sym<ℵ0(Gm)⋊Gm, if ♯(Gm) =∞.
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Indeed, observe that for every γ ∈ Gm \ {eGm}, the element χγ ∈ Sym<ℵ0(Gm) may be
written as some product of the marking above.
Thus, we obtain the following Cayley convergent sequence of groups in G(2k); see
[Mim18, Lemma 4.10] for the proof.
(Θm;χt(m)1
, . . . , χ
t
(m)
k
, θ
t
(m)
1
, . . . , θ
t
(m)
k
)
Cay−→ (Θ∞;χt(∞)1 , . . . , χt(∞)k , θt(∞)1 , . . . , θt(∞)k )
Since Θm is amenable for all m ∈ N, Theorem A applies to this sequence.
These limit groups are not RF because it contains an isomorphic copy of Alt(Z).
Remark 5.4. We may construct a similar example to Example 1.3 in the context of alter-
nating groups as follows: For odd m ∈ N≥3, let Um = ((123), (123 · · ·m)). Since m is odd,
this is a 2-marking of Alt(m), the alternating group on [m]. Then, a similar argument as
above shows that as odd m→∞,
(Alt(m);Um)
Cay−→ (Alt(Z)⋊ Z;U∞),
for some “limit marking” U∞. The Cayley limit group Alt(Z)⋊ Z is amenable.
We also note that, by employing the Nielsen–Schreier algorithm on generators of finite
index subgroups, we may have a Cayley convergent sequence of alternating groups out of
that of symmetric groups; see [Mim18, Lemma 4.11] for more details.
5.3. Unimodular and special linear groups. Let A be a commutative, associative ring
with 1. For a non-empty set B, consider the semigroup of all matrices (ai,j)i,j∈B over A
such that ai,j = 0 all but finitely many j for every fixed i and that ai,j = 0 all but finitely
many i for every fixed j; this is in fact a monoid with unit I (the identity matrix). We
define GL(B,A) to be the group of all invertible elements of this monoid. We warn that
if ♯(B) = ∞, then this group is larger than GL<ℵ0(B,A), which is in this paper defined
as the union of all GL(K,A) over all non-empty finite subsets K ⊆ B through the natural
inclusion GL(K,A) →֒ GL(B,A); in some literature, the symbol “GL(B,A)” is used for
the latter group GL<ℵ0(B,A). We define the subgroup SL
±(B,A), the unimodular linear
group, to be the union of all SL±(K,A) over all non-empty finite subsets K ⊆ B (through
GL(K,A) →֒ GL(B,A)). Same as what we mentioned in Introduction, for a non-empty
finite subset K ⊆ B, define
SL±(K,A) = {g ∈ GL(K,A) : det(g) ∈ {±1}}.
If B has a total order ≻, then we can define another subgroup N±≻ (B,A) of GL(B,A) as
follows: For each non-empty finite subset K ⊆ B, define
N±≻ (K,A) = {(ai,j)i,j∈K : ai,i ∈ {±1} for all i ∈ K, ai,j = 0 for all i, j ∈ K with i ≻ j}.
(This is the group of “upper triangular matrices with ±1 on diagonals.”) We define
N±≻ (B,A) to be the union of such N
±
≻ (K,A) via GL(K,A) →֒ GL(B,A). Note that each
N±≻ (K,A) is virtually nilpotent for such K; therefore N
±
≻ (B,A) is amenable. For i, j ∈ B
with i 6= j and a ∈ A, we define an elementary matrix eai,j by
(eai,j)k,l =


1, for k = l,
a, for (k, l) = (i, j),
0, otherwise.
This is an element in SL±(B,A). Note the following commutator calculus:
(#) [ea1i,j, e
a2
j,k] = e
a1a2
i,k for distinct i, j, k ∈ B and for a1, a2 ∈ A,
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where [g, h] = ghg−1h−1.
Remark 5.5. We provide a proof of the fact that in Example 1.5, Sm and Tm both generate
Gm; the proof of the corresponding statement in Example 2.12 goes along the same line.
Since Sm ⊆ Tm, it suffices to show that Sm generates Gm.
Observe that by taking conjugations of σ(m) by powers of τ (m), we obtain all elements
of the form e1i,i+1 in Gm, where we regard e
1
m,m+1 as e
1
m,1. By (#), it then follows that
we may express every element of the form eri,j , where i 6= j ∈ [m] and r ∈ Fpnm , as a
certain product of σ(m), υ(m) and τ (m). Indeed, {1, tnm} generates Fpnm as a ring. The
Gaussian elimination process implies that these elements of the form above altogether
generate SL(m,Fpnm ); finally, SL(m,Fpnm ) together with δ(m) generates the unimodular
group Gm.
First we discuss the Cayley limit groups of two sequences in Example 2.12. In a similar
argument to one in Subsection 5.2, we observe the following: Define elements in GL(Z,Z)
as
σ(∞) = e10,1, σ
′(∞) = e11,0,
δ(∞) = (diagonal matrix −1 on (0, 0)-entry and 1 on the other diagonals),
τ (∞) = (permutation matrix associated to the shift on Z by +1),
and define two subgroups Θ∞,Λ∞ 6 GL(Z,Z) by
Θ∞ = 〈σ(∞), δ(∞), τ (∞)〉 and Λ∞ = 〈σ(∞), σ′(∞), δ(∞), τ (∞)〉.
Then, it follows that
(SL±(m,Z/lmZ);σ
(m), δ(m), τ (m))
Cay−→ (Θ∞;σ(∞), δ(∞), τ (∞)),
(SL±(m,Z/lmZ);σ
(m), σ′(m), δ(m), τ (m))
Cay−→ (Λ∞;σ(∞), σ′(m), δ(∞), τ (∞)).
Proposition 5.6. In the setting above,
• The group Θ∞ equals N±> (Z,Z) ⋊ Z, where Z in the semidirect product acts by
infinite shifts (generated by the shift by +1) on the coordinate set Z. Here > is the
standard total order on Z. This group is amenable.
• The group Λ∞ equals SL±(Z,Z) ⋊ Z, where Z in the semidirect product acts by
infinite shifts (generated by the shift by +1) on Z. This group is not a-T-menable.
Proof. First we verify the latter item. Since the ring Z is euclidean, SL(K,Z) is generated
by elementary matrices over K for every non-empty finite subset K ⊆ Z (Gaussian elimi-
nation). This proves that Λ∞ = SL
±(Z,Z)⋊Z; see also (#). Because this group contains
an isomorphic copy of SL(3,Z), which is well known to have Kazhdan’s property (T), Λ∞
is not a-T-menable; see [BdlHV08] and [CCJ+01].
To prove the former item, observe that all conjugations of σ(∞) and δ(∞) by powers
of τ (∞) lie in N±> (Z,Z); this is because the infinite shift by +1 on Z preserves the total
order >. We can furthermore show that Θ∞ = N
±
> (Z,Z)⋊Z. Since we argued above that
N±> (Z,Z) is amenable, so is Θ∞. 
Proof of Proposition 2.13. Apply Theorem A to Proposition 5.6. 
The most essential part of the construction as in Proposition 2.13 is the following: For
m ∈ N≥3, the permutation by τ (m) does not “preserve the order (upper/lower)” from a
global point of view, because this is a shift on a finite cycle. That is the reason why σ(m),
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δ(m) and τ (m) generate the whole SL± when m ∈ N≥3. However, from a local point of
view, this shift is indistinguishable from the shift on an infinite line Z, which preserves the
standard order. Thus, whenm =∞, σ(∞), δ(∞) and τ (∞) only generate a small (amenable)
subgroup of SL±(Z,Z) ⋊ Z, “the upper triangular matrices” semidirected with Z. If we
replace (Z/lmZ)m with another sequence of rings (An)n, then the Cayley boundary will
change according to the “accumulation points of marked rings”. Nevertheless, the basic
structure of limit groups is quite similar to that in Proposition 5.6. See the proof of
Corollary B for the case of Example 1.5.
Remark 5.7. A certain large class E of Banach spaces (“(1.1) for some β < 1/2” as in
[dLMdlS16]) was studied in a book of N. Tomczak-Jaegermann [TJ89] and a paper of T.
de Laat and M. de la Salle [dLdlS18]. For the definition, see also [MS, Example 4.11.(5)].
For this class E , in [dLMdlS16], de Laat–Mimura–de la Salle showed the following: For each
E ∈ E , there exists nE ∈ N≥3 such that SL(n,Z) has the fixed point property with respect
to all affine isometric actions on E. Since Λ∞ contains all copies of SL(n,Z), n ∈ N≥3, we
obtain non-((fibred) coarse) embeddability results of W as in Proposition 2.13 into each
E in that class E ; see also Remark 6.13. We will discuss it in the Part II paper [MS,
Corollary B and Corollary 2.2] in details; see also [MS, Subsection 9.1].
Remark 5.8. Similar to Remark 5.3, we can generalize this framework to a LEA approx-
imation, at least for the latter sequence. For simplicity, here we only discuss a LEF
approximation. Take (Gm = (Gm; t
(m)
1 , . . . , t
(m)
k ))m∈N a LEF approximation of an infinite
marked group G∞ = (G∞; t
(∞)
1 , . . . , t
(∞)
k ). Without loss of generality, we may assume
that t
(m)
j 6= eGm for m ∈ N ∪ {∞} and every j ∈ [k]. For a countable group G, for
γ ∈ G \ {g} and for l ∈ N, define elements σγ = σγ(l), σ′γ = σ′γ(l), δ = δ(l) and τγ = τγ(l)
in GL(G,Z/lZ) by
σγ = e
1
eG,γ
, σ′γ = e
1
γ,eG
,
δ = (diagonal matrix −1 on (eG, eG)-entry and 1 on the other diagonals),
τγ = (the permutation matrix by the shift on G by the right multiplication of γ).
More precisely, the element τγ is defined by
(τγ)g,h =
{
1, if g = hγ,
0, otherwise,
for every g, h ∈ G.
Let (lm)m∈N be a sequence of integers ∈ N≥2 that satisfies limm→∞ lm =∞ and let l∞ = 0.
For m ∈ N∪{∞}, let Λm be the group generated by (σt(m)j (lm))j∈[k], (σ
′
t
(m)
j
(lm))j∈[k], δ(lm)
and (τ
t
(m)
j
(lm))j∈[k]. Then for all m ∈ N ∪ {∞},
Λm =
{
SL±(Gm,Z/lmZ), if m ∈ N,
SL±(G∞,Z)⋊G∞, if m =∞,
and Λm converges to Λ∞ in G(3k + 1) with respect to the corresponding markings.
Now, assume that G∞ is right-orderable, namely, there exists a total order ≻ on G∞
that is preserved by the right multiplications of G. (A group is right-orderable if and only
if it is left-orderable; the latter terminology is more common in the literature.) We refer
to a monograph [DNR14] for details on this concept. Fix such a (right-invariant) order ≻
on G∞. We moreover assume that t
(∞)
j ≻ eG∞ for all j ∈ [k]; if this is not the case, then
for each j ∈ [k] such that t(∞)j ≺ eG∞ , replace t(m)j with (t(m)j )−1 for all m ∈ N∪{∞}. For
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m ∈ N ∪ {∞}, let Θm be the group generated by (σt(m)j )j∈[k], δ and (τt(m)j )j∈[k]. Then Θm
converges to Θ∞ in G(2k+1) with respect to the corresponding markings. For all m ∈ N,
Θm equals SL
±(Gm,Z/lmZ). For m =∞, Θ∞ is a (in general, possibly proper) subgroup
of N±≻ (G∞,Z) ⋊ G∞ and Θ∞ contains a copy of G∞. In particular, Θ∞ is amenable if
and only if G∞ is amenable.
Finally, we deal with the case as in Example 1.5.
Proof of Corollary B. Item (i) follows from Proposition 5.2 and Theorem A.
We then discuss items (ii) and (iii). Let Gm = SL
±(m,Fpnm ), Sm, Tm be as in Exam-
ple 1.5. In a manner quite similar to one as in the proof of Proposition 5.6, we can prove
that
(SL±(m,Fpnm );Sm)
Cay−→ (N±> (Z,Fp[t])⋊Z;σ(∞), υ(∞), δ(∞), τ (∞)),
(SL±(m,Fpnm );Tm)
Cay−→ (SL±(Z,Fp[t])⋊ Z;σ(∞), σ′(∞), υ(∞), δ(∞), τ (∞)),
for certain “limit markings.” Here Fp[t] denotes the one-variable polynomial ring over Fp,
and > is the standard total order on Z. More precisely, to see that the “limit coefficient
ring” is Fp[t], observe that all of Fpnm are quotient rings of Fp[t] by t 7→ tnm , and that all
proper quotient rings of Fp[t] are finite.
It is well known that SL(3,Fp[t]) has property (T); this group is a lattice in SL(3,Fp((t−1))),
where Fp((t−1)) denotes the (local) field of formal Laurent series with indeterminate t−1
over Fp. Therefore, a similar reasoning to one in the proof of Proposition 5.6, together
with Theorem A end our proof. 
Remark 5.9. Much more than having property (T) is known for SL(3,Fp[t]): Results
of Lafforgue [Laf08], [Laf09] imply (via L2-induction argument) that SL(3,Fp([t]) has the
fixed point properties with respect to all affine isometric actions on complex Banach spaces
with non-trivial (linear) type. In the next section, we will see a byproduct of it, Theorem C;
see also Theorem 6.11 and Theorem 6.9.
Remark 5.10. We may construct a similar example to Examples 1.5 and 2.12 for special
linear groups with dropping δ(m) from the markings. For odd m ∈ N≥3, (σ(m), υ(m), τ (m))
as in Examples 1.5 is a 3-marking of SL(m,Fpnm ); recall Remark 5.5. Similarly, the
quadruple (σ(m), σ′(m), υ(m), τ (m)) is a 4-marking of that. We can see that as odd m→∞,
(SL(m,Fpnm );σ
(m), υ(m), τ (m))
Cay−→ N>(Z,Fp[t])⋊Z,
(SL(m,Fpnm );σ
(m), σ′(m), υ(m), τ (m))
Cay−→ SL(Z,Fp[t])⋊ Z.
Here N>(Z,Fp[t]) denotes the set of all upper triangular matrices (in terms of the standard
order > on Z) with coefficients in Fp[t] with 1 on diagonal of finite size; SL(Z,Fp[t]) means
the union of all special linear groups over Fp[t] of finite size. Again, the former Cayley
limit group is amenable and the latter is not a-T-menable.
Similarly, in the setting of Example 2.12, as odd m→∞,
(SL(m,Z/lmZ));σ
(m), τ (m))
Cay−→ N>(Z,Z)⋊ Z,
(SL(m,Z/lmZ));σ
(m), σ′(m), τ (m))
Cay−→ SL(Z,Z)⋊ Z.
Let
Nodd = {3, 5, 7, . . .}
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be the set of odd integers at least 3. (This is a non-standard notation, but we use it for
simplicity.) In the setting above, if we set
X ′ =
⊔
m∈Nodd
Cay(SL(m,Fpnm );σ
(m), υ(m), τ (m)),
Y ′ =
⊔
m∈Nodd
Cay(SL(m,Fpnm );σ
(m), σ′(m), υ(m), τ (m)),
Z ′ =
⊔
m∈Nodd
Cay(SL(m,Z/lmZ);σ
(m), τ (m)),
W ′ =
⊔
m∈Nodd
Cay(SL(m,Z/lmZ);σ
(m), σ′(m), τ (m)),
then by Theorem A, X ′ and Z ′ have property A. On the other hand, Y ′ and W ′ fail to
have a coarse embedding into a Hilbert space; we will study more on (fibred) coarse non-
embeddability of Y ′ and W ′ in our Part II paper [MS, Corollary 2.2 and Subsection 9.1].
If m ∈ N≥3 is even, then we may take the following modification: in this case, τ (m)
itself does not lie in SL(m,Fpnm ). Instead, δ(m)τ (m) belongs to SL(m,Fpnm ). In a similar
argument to one in Remark 5.5, it follows that (σ(m), υ(m), δ(m)τ (m)) is a 3-marking of
SL(m,Fpnm ). Then, by Lemma 2.7, the sequence ((SL(m,Fpnm ;σ(m), υ(m), δ(m)τ (m)))m
converges in the Cayley topology to the marked group with marking (σ(∞), υ(∞), δ(∞)τ (∞)).
It is easy to see that the group generated by {σ(∞), υ(∞), δ(∞)τ (∞)} equals N>(Z,Fp[t])⋊Z.
A similar argument to one above applies to the case where we add σ′(m) to the marking.
Therefore, we have the convergence as even number m→∞,
(SL(m,Fpnm );σ
(m), υ(m), δ(m)τ (m))
Cay−→ N>(Z,Fp[t])⋊ Z,
(SL(m,Fpnm );σ
(m), σ′(m), υ(m), δ(m)τ (m))
Cay−→ SL(Z,Fp[t])⋊ Z,
with respect to certain markings of the Cayley limit groups.
Remark 5.11. We here announce that in our Part II paper [MS, Theorem D], we prove
the following. The construction is based on Remark 5.9 and Remark 5.3; see [MS, Sub-
section 9.6].
Theorem 5.12. There exist (kl)l∈N of a sequence of natural numbers at least 2 with liml→∞ kl =
∞ and two (ordered) systems of generators (Ξl)l∈N, (Ωl)l∈N of symmetric groups (S([kl]))l∈N
that satisfy all of the following.
(1) For all l ∈ N, ♯(Ξl) = 8 and ♯(Ωl) = 9. For each l ∈ N, Ωl is constructed by adding
one extra element to Ξl.
(2) A coarse disjoint union
∐
l∈NCay(S([kl]); Ξl) has property A.
(3) A coarse disjoint union
∐
l∈NCay(S([kl]); Ωl) does not admit a fibred coarse embedding
into any of these spaces:
• Complex Banach spaces of non-trivial type, and complex Banach spaces that are
sphere equivalent to Banach spaces of non-trivial type.
• Complete CAT(0) spaces with the Izeki–Nayatani invariant δ (see Definition 6.1
in [IN05] for the definition) being strictly smaller than 1.
Moreover, this construction may be done in an explicit manner.
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6. Disjoint union with property A with very poor compression function
We will prove Theorem C. The key to the proof is the Banach spectral gap of finite
graphs. Recall our conventions of symbols -, %, ≍ and  from Introduction.
By following [Mim15, Definition 1.3], we say that two Banach spaces E and F are
sphere equivalent if there exists a bijective map Φ: S(E) → S(F ) between unit spheres
such that Φ and Φ−1 are both uniformly continuous. The Pisier characterization tells that
a complex Banach space E is of trivial (linear) type if and only if it admits homomorphic
embeddings of (ℓn1,C)n∈N (finite dimensional complex ℓ1-spaces) with uniform biLipschitz
constants; see [MS, Example 4.11.(4)] for the original definition. See also [TJ89] and
[BL00] on comprehensive treatments of geometry of Banach spaces.
6.1. Decay of Banach spectral gaps and distortions.
Definition 6.1. Let Γ = (VΓ, EΓ) be a finite connected (undirected) graphs (possibly
with multi-edges or self-loops), where VΓ is the vertex set and EΓ is the edge set. For each
e ∈ EΓ, we put both of the possible two directions and regard it as two oriented edges. Let
~EΓ be the set of all oriented edges constructed as above (hence ♯( ~EΓ) = 2♯(EΓ)). For each
oriented edge ~e ∈ ~EΓ, let ~e+ and ~e− be, respectively, the end vertex and the start vertex
of ~e. We denote by ∆(Γ) the maximal degree of Γ, that means, the maximal number of
oriented edges going out from a vertex. We view Γ as a metric space equipped with the
path metric dΓ, and denote by diam(Γ) the diameter of Γ. Let E be a Banach space.
(1) (See Definition 1.1 in [Mim15].) The (non-normalized) Banach (E, 2)-spectral gap of
Γ, denoted by λ1(Γ, E)(= λ1(Γ, E, 2)), is defined by
λ1(Γ, E) =
1
2
inf
f : VΓ→E
∑
~e∈ ~EΓ
‖f(~e+)− f(~e−)‖2E∑
v∈VΓ
‖f(v)−m(f)‖2E
.
Here f moves among all non-constant maps V → E, and m(f) denotes the mean
(
∑
v∈VΓ
f(v))/♯(VΓ) of f .
(2) The E-distortion of Γ, denoted by cE(G), is defined by
cE(Γ) = inf
f : VΓ→E, biLipschitz
‖f‖Lip · ‖f−1‖Lip.
Here ‖ · ‖Lip denotes the Lipschitz constant, and f−1 means f−1 : f(VΓ)→ VΓ.
The following two results altogether connect Banach spectral gaps to compression func-
tions of coarse embeddings.
Theorem 6.2 (Special case of the generalized Jolissaint–Valette inequality, see [JV14]
and Theorem 2.6 in [Mim15]). Let Γ be a finite connected Cayley graph. Then for every
Banach space E, it holds that
cE(Γ) ≥ diam(Γ)
√
λ1(Γ, E)
2∆(Γ)
.
In particular, cE(Γ) %∆(Γ) λ1(Γ, E)
1
2 · diam(Γ).
Lemma 6.3 (Generalized version of Austin’s Lemma (Lemma 3.1 in [Aus11])). Let
(Γm)m∈N be a sequence of finite connected graphs with diam(Γm) → ∞. Let ρ : [0,∞) →
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[0,∞) be a proper function such that ρ(r)/r is non-increasing for r ∈ [0,∞) large enough.
Let E be a Banach space. If for m ∈ N large enough it holds that
diam(Γm)
ρ(diam(Γm))
 cE(Γm),
then for ω(r) = r : [0,∞)→ [0,∞), (ρ, ω) 6∈ CPE(
⊔
m∈N Γm).
For the convenience of the readers, we give a proof of Lemma 6.3.
Proof of Lemma 6.3. Suppose, on the contrary, that there exists a coarse embedding
f :
⊔
m∈N Γm → E for which (ρ, ω) above is a control pair. Set fm = f |Γm : Vm → E
for each m, where Vm is the vertex set of Γm. With bounded adjustment, we may assume
that fm is injective. Since ω(r) = r, for all m it holds that ‖fm‖Lip ≤ 1. Then for m
sufficiently large, we have that
diam(Γm)
ρ(diam(Γm))
 cE(Γm)
≤ ‖f−1m ‖Lip
≤ max
v 6=w∈Vm
d(v,w)
‖fm(v)− fm(w)‖
≤ max
v 6=w∈Vm
d(v,w)
ρ(d(v,w))
-ρ
diam(Γm)
ρ(diam(Γm))
,
a contradiction. 
The goal of this section is to prove the following.
Theorem 6.4. Let Gm = SL
±(m,Fpnm ), σ(m), υ(m), δ(m), τ (m) be as in Example 1.5. Let
Γm = Cay(Gm;σ
(m), υ(m), δ(m), τ (m)) Let E be a complex Banach space that is sphere
equivalent to a complex Banach space of non-trivial type. Then we have that
λ1(Γm, E) %E,p m
−6.
The point here is, as the symbol ”%E,p” indicates, this estimate does not depend on
the choices of (nm)m∈N≥3 .
Remark 6.5. In what follows, to simplify our argument, we replace a Banach space E with
ℓ2(N, E) so that E and ℓ2(N, E) are isometrically isomorphic; indeed, it is easy to see that
λ1(Γ, E) = λ2(Γ, ℓ2(N, E)) (see for instance [Mim15, Lemma 2.1]), and if a generalized
metric space only admits coarse embeddings into ℓ2(N, E) with poor compressions, then
the same holds for coarse embeddings into E. Note that if E and F are sphere equivalent,
then so are ℓ2(N, E) and ℓ2(N, F ); see [Mim15, Proposition 3.9]. Furthermore, if F has
non-trivial type, then so does ℓ2(N, F ).
6.2. (τ)-type constants and Banach spectral gaps. We relate λ1(Γ, E) to a repre-
sentation theoretic constant.
Definition 6.6. Let G = (G;S) be a marked group and E be a Banach space.
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(1) For an isometric linear representation π : G → O(E), where O(E) deotes the group
of surjective linear isometries, define κ(G, π) ∈ [0,+∞] be the supremum among all
κ ≥ 0 that satisfy the following: For all ξ ∈ E,
sup
s∈S
‖π(s)ξ − ξ‖ ≥ κ · sup
g∈G
‖π(g)ξ − ξ‖
holds true.
Note that κ ≤ 1 unless E = Eπ(G), where Eπ(G) denotes the space of all π(G)-
invariant vectors.
(2) The (τ)-type constant associated with (G, E) is defined as the infimum of κ(G, π) over
all isometric linear representations π : G → O(E) on E that factors through a finite
marked group quotient map G։ H. In this paper, we write it as K(τ)(G, E).
There are several formulations of (τ)-type constant which are mutually slightly differ-
ent. In what follows, we exhibit another formulation of (τ)-type constants: Suppose that
π : G → O(E) factor through a marked group quotient ϕ : G ։ H. Let πH : H → O(E)
be such that π = πH ◦ ϕ. Then since H is finite, we can define a projection
P = Pπ,H : E ։ E
π(G); ξ 7→ 1
♯(H)
∑
h∈H
πH(h)ξ,
which has norm 1 (or 0 if Eπ(G) = {0}); in other words, P = (∑h∈H πH(h))/♯(H). By
construction, P commutes with π(G). Thus E is decomposed into
E = Eπ(G) ⊕ (I − P )E
as π(G)-representations. In short, Eπ(G) is complemented as a π(G) subrepresentation. In
[Mim15, Definition 3.1.(ii)], a formulation of (τ)-type constants was given in the following
way: supg∈G ‖π(g)ξ − ξ‖ is replaced with ‖ξ‖ and ξ runs over all ξ ∈ (I − P )E. (Also,
there we only considered quasi-regular representation; however, a certain Peter–Weyl type
argument shows that it will not affect the order of constants as long as ♯(S) is uniformly
bounded.) This formulation is not identical to the one given in Definition 6.6.
The following lemma, nevertheless, shows that these two formulations are equivalent.
Lemma 6.7. In the setting in the paragraph above, for every ξ ∈ E,
‖ξ − Pξ‖ ≤ sup
g∈G
‖π(g)ξ − ξ‖ ≤ 2‖ξ − Pξ‖.
Proof. The right inequality is directly by the decomposition ξ = Pξ + (I − P )ξ. The left
one follows from
‖ξ − Pξ‖ ≤ 1
♯(H)
∑
h∈H
‖πH(h)ξ − ξ‖.
Observe that supg∈G ‖π(g)ξ − ξ‖ = suph∈H ‖πH(h)ξ − ξ‖. 
Lemma 6.8. Let E be a Banach space that is isometrically isomorphic to ℓ2(N, E) (compare
with Remark 6.5). Let G = (G;S) be a marked group. Then for every non-trivial finite
marked group quotient ϕ : G։ H = (H;SH), we have that
λ1(Cay(H), E) ≥
(
K(τ)(G, E)
)2
.
This lemma or some variant of it might be well known to experts; nevertheless, we
present the proof for the convenience of the readers.
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Proof. Recall our definition of the Cayley graph from Definition 2.2. We write down the
definition of λ1(Cay(H),H):
λ1(Cay(H), E) =
1
2
inf
f : H→E
∑
~e∈ ~ECay(H)
‖f(~e+)− f(~e−)‖2∑
h∈H ‖f(h)−m(f)‖2
= inf
f : H→E
∑
h∈H,t∈SH
‖f(th)− f(h)‖2E∑
h∈H ‖f(h)−m(f)‖2E
.
Now we regard f : H → E as an element in ℓ2(H,E). Consider the left-regular represen-
tation λ = λH,E of H on ℓ2(H,E), that means, λ : H → O(ℓ2(H,E)); [λhf ](x) = f(h−1x).
Set π = λ ◦ ϕ; this is an isometric linear action of G on ℓ2(H,E) that factors through
ϕ. We consider the projection P associated with π; recall it from the discussion above
Lemma 6.7. In this case, P : ℓ2(H,E) ։ ℓ2(H,E)
π(G); f 7→ Pf is exactly the same as
taking the mean m(f) of f : H → E, where we view m(f) as a “constant” function in
ℓ2(H,E). Therefore, λ1(Cay(H), E) is further rewritten as
λ1(Cay(H), E) = inf
f∈ℓ2(H,E)
∑
t∈SH
∑
h∈H ‖f(th)− f(h)‖2E
‖f − Pf‖2
ℓ2(H,E)
= inf
f∈ℓ2(H,E)
∑
t∈SH
‖λt−1f − f‖2ℓ2(H,E)
‖f − Pf‖2
ℓ2(H,E)
= inf
f∈ℓ2(H,E)
∑
t∈SH
‖λtf − f‖2ℓ2(H,E)
‖f − Pf‖2
ℓ2(H,E)
= inf
f∈ℓ2(H,E)
∑
s∈S ‖π(s)f − f‖2ℓ2(H,E)
‖f − Pf‖2
ℓ2(H,E)
≥ inf
f∈ℓ2(H,E)
∑
s∈S ‖π(s)f − f‖2ℓ2(H,E)
supg∈G ‖π(g)f − f‖2ℓ2(H,E)
.
Indeed, the very last inequality follows from Lemma 6.8. Here f runs over all vectors in
ℓ2(H,E) such that f−Pf 6= 0; this is equivalent to saying that supg∈G ‖π(g)f−f‖ℓ2(H,E) 6=
0. Finally, apply the definition of K(τ)(G, E) to π. Here recall that E and ℓ2(H,E) are
isometrically isomorphic by assumption. 
6.3. Proof of Theorem 6.4. Our goal, Theorem 6.4, will be deduced from the following.
Recall from the beginning paragraph Subsection 5.3 the definition of elementary matrices
eai,j .
Theorem 6.9. Let p be a prime. For m ∈ N≥3, define a 4-marked group G˜m =
(G˜m; σ˜
(m), υ˜(m), δ˜(m), τ˜ (m)) as follows:
• G˜m = SL±(m,Fp[t])(= SL±([m],Fp[t])).
• σ˜(m) = e11,2, υ˜(m) = et1,2.
• δ˜(m) is the diagonal matrix, −1 on (1, 1)-entry and 1 on the other diagonals.
• τ˜ (m) is the permutation matrix associated with the cyclic shift on [m] by +1. Here
m+ 1 = 1 in [m].
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Then, for every complex Banach space E that is sphere equivalent to a complex Banach
space of non-trivial type, we have that
K(τ)(G˜m, E) %E,p m−3.
The first very non-trivial point of this theorem is the left-hand side is strictly positive;
this follows from celebrated results of Lafforgue [Laf08], [Laf09], as we mentioned in Re-
mark 5.9. To estimate the decay in terms of m from below, our argument is inspired
by work of U. Hadad [Had07] employing bounded generation, originated in [Sha99]. The
following is the key to this part of argument.
Lemma 6.10 (Dennis and Vaserstein, Lemma 9 in [DV88]). Let m ∈ N≥3. Then every
element in g ∈ SL±(m,Fp[t]) may be wriiten as
g = γ1γ
′
1γ2γ
′
2g0,
where γ1, γ2 belong to the group of all upper triangular matrices with 1 on diagonal, γ
′
1, γ
′
2
belong to the group of all lower triangular matrices with 1 on diagonal, and g0 lies in the
copy of SL±(3,Fp[t]) on the upper left corner.
This is because Fp[t] is a euclidean domain and in particular is Dedekind: For a Dedekind
domain, the stable range in the sense of Bass is at most 2.
In the bounded generation argument, the following “triangle inequality” plays an im-
portant role: For an isometric linear representation π : G → O(E), for every ξ ∈ E, it
holds that for all g, h ∈ G,
‖π(gh)ξ − ξ‖ ≤ ‖π(gh)ξ − π(g)ξ‖ + ‖π(g)ξ − ξ‖ = ‖π(g)ξ − ξ‖+ ‖π(h)ξ − ξ‖.
Proof of Theorem 6.9. Fix m ∈ N≥3. Let S(m)1 be the set of all elementary matrices of the
form eai,j for i 6= j ∈ [m] and a ∈ {±1,±t}. Let S(m)2 be the set of all diagonal matrices
in G˜m all of whose diagonal entries but one are 1. Let S
(m) = S
(m)
1 ∪ S(m)2 . Then, S(m) is
a finite generating set of G˜m. We also consider an infinite subset E
(m) of all elementary
matrices in G˜m.
Lafforgue’s deep work in [Laf08], [Laf09] implies the following. A more precise argument
goes as follows: For a complex Banach space F of non-trivial type, it follows from Laf-
forgue’s work that SL(3,Fp((t−1))) has strong Banach property (T) for a certain class of
Banach spaces that contains L2([0, 1], F ). It implies the fixed point property with respect
to all affine isometric actions on L2([0, 1], F ). By L2-induction (see for instance [BFGM07,
Section 8]), it then follows that an (L2-integrable) lattice SL(3,Fp[t]) in SL(3,Fp((t−1)))
has the fixed point property with respect to ones on F . Since SL±(3,Fp[t]) is an over-
group of SL(3,Fp[t]) of index 2, so does SL
±(3,Fp[t]). By [BFGM07, Theorem 1.3.(1)],
SL±(3,Fp[t]) hence has property (TF ) in the sense of Bader–Furman–Gelander–Monod
[BFGM07]. By recalling Remark 6.5, we then observe that a certain “Kazhdan constant”
associated to property (TF ) above is strictly positive. Thus, we obtain property (τ) for
SL±(3,Fp[t]) with respect to F .
Theorem 6.11 (V. Lafforgue). The group G = SL±(3,Fp[t]) has property (τ) with respect
to every complex Banach space F of non-trivial type. It means that, for every F as above,
it holds that
K(τ)(G, F ) > 0
for all (equivalently, some) markings of G.
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In [Mim15, Proposition 4.2], the first named author showed that for a fixed (marked)
group, the strict positivity of the (τ)-type constant is preserved under replacing the Banach
space with one that is sphere equivalent to the original one; see also Lemma 6.7 and
discussions above it. Therefore, Theorem 6.11 remains true if F is replaced with E as in
Theorem 6.9. Fix such an E and define
εE,p = K(τ)(SL±(3,Fp[t]);S(3)) > 0.
We first claim the following.
Lemma 6.12. In the setting above,
K(τ)((G˜m;S(m)), E) ≥ 1
2m2
εE,p.
Proof of Lemma 6.12. We fix an isometric linear representation π : G˜m → O(E) that fac-
tors through a finite group quotient. Take an arbitrary ξ ∈ E, and fix it.
Observe that there exists plenty of injective homomorphisms ι : G˜3 →֒ G˜m that satisfies
ι(S(3)) ⊆ S(m); for instance, the natural embedding into the upper left corner satisfies it.
For each such an ι, we have that
sup
s∈S(m)
‖π(s)ξ − ξ‖ ≥ sup
s∈ι(S(3))
‖π(s)ξ − ξ‖ ≥ εE,p sup
h∈ι(G˜3)
‖π(h)ξ − ξ‖.
(Note that the restriction of π on ι(G˜3) also factors through a finite group quotient.) We
may find such ι’s such that ι(G˜3) for various ι altogether cover E
(m). This implies that
sup
s∈S(m)
‖π(s)ξ − ξ‖ ≥ εE,p sup
h∈E(m)
‖π(h)ξ − ξ‖
and
sup
s∈S(m)
‖π(s)ξ − ξ‖ ≥ εE,p sup
g0∈SL
±(3,Fp[t])
‖π(g0)ξ − ξ‖,
where SL±(3,Fp[t]) sits on the upper left corner of G˜m.
We now recall Lemma 6.10. Observe that every γ1, γ2, γ
′
1, γ
′
2 may be written as at most
(m(m − 1))/2 elements in E(m). Therefore, by the triangle inequality mentioned above
Theorem 6.11, we conclude that
sup
g∈G˜m
‖π(g)ξ − ξ‖ ≤ 2m(m− 1) sup
h∈E(m)
‖π(h)ξ − ξ‖+ sup
g0∈SL
±(3,Fp[t])
‖π(g0)ξ − ξ‖.
By combining the three inequalities above, we obtain that
sup
s∈S(m)
‖π(s)ξ − ξ‖ ≥ εE,p
2m(m− 1) + 1 sup
g∈G˜m
‖π(g)ξ − ξ‖.
This proves our claim. 
Finally, we claim that every element s ∈ S(m) may be written as at most 5000m products
of elements in {σ˜(m), υ˜(m), δ˜(m), τ˜ (m)} and their inverses. To show this, we employ a result
of Kassabov and T. R. Riley [KR07, Proposition 2.1], which implies that every element in
G˜m of the form e
a
i,j, i 6= j ∈ [m] and a ∈ {±1}, may be written as at most 100m products of
elements in {σ˜(m), υ˜(m), δ˜(m), τ˜ (m)} and their inverses. Observe that for every 1 6= j ∈ [m],
permutation matrix associated with the transposition on {1, j} as the product of 3 of such
elements and δ˜(m). From them, we may construct elements in S
(m)
2 and elements of the
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form e±ti,j , i 6= j ∈ [m], within small numbers of products of elements above; compare with
(#) in Subsection 5.3. Hence, in the setting of the proof of Lemma 6.12, we have that
sup
s∈S(m)
‖π(s)ξ − ξ‖ ≤ 5000m · (sup{‖π(u)ξ − ξ‖ : u ∈ {σ˜(m), υ˜(m), δ˜(m), τ˜ (m)}}).
Therefore,
K(τ)(G˜m, E) ≥ 1
10000m3
εE,p,
as desired. 
Proof of Theorem 6.4. Combine Theorem 6.9 with Lemma 6.8 (see also Remark 6.5). Ob-
serve that for each m ∈ N≥3, (Gm;σ(m), υ(m), δ(m), τ (m)) is a finite marked group quotient
of (G˜m; σ˜
(m), υ˜(m), δ˜(m), τ˜ (m)). 
Proof of Theorem C. Let Γm = Cay(Gm;σ
(m), υ(m), δ(m), τ (m)) and E be as in Theo-
rem C. Since this graph is always 8-regular and ♯(Gm) % p
nm(m2−m), we have that
diam(Γm) % m
2 log nm.
For a given ρ, if necessary, replace it with a smaller proper function that satisfies the
condition of Lemma 6.3 on ρ. Therefore, Theorem 6.2, Lemma 6.3, and Theorem 6.4 will
provide an explicit (order of) (nm)m∈N≥3 such that (ρ, ω(r) = r) 6∈ CPE(
⊔
m Γm). For
instance, if ρ(r) ≍ (C ′ log log r) ∨ 0 for some C ′ > 0, then for every C > 0, eeeCm
3
 nm
does the job. 
Remark 6.13. Owing to the points that we discussed in Remark 5.7, we may obtain
the same conclusion for V = V(lm)m as in Proposition 2.13 if the Banach space E is
sphere equivalent to a complex Banach space F that satisfies “(1.1) for some β < 1/2”
as in [dLMdlS16]. The class of all such F is included in the class of all complex Banach
spaces of non-trivial type. It is not known whether this inclusion is strict; see also [MS,
Example 4.11.(4) and (5)].
We finally remark that similar poor compression results were previously known by
[ADS09], [Aus11] and [OO13] even in the setting of groups. Our point here is that our
examples (graphs in V and Y ) appeared in a very natural way in a context of the question
of unbounded rank expanders; see [LW93] and [Lub10]. What we did here is not only
to construct an example that admits coarse embeddings but only with poor compression
functions; we discovered that certain natural examples, that have been paid attention by
various researchers before consideration of the authors, have such property. We further-
more note that our examples are rather concrete: The example V = V(lm)m as in Propo-
sition 2.13 is completely explicit. Our example Y = Yp,(nm)m is “semi-explicit” because
in general to obtain a generator of F×pnm explicitly is an issue; however, if we replace the
coefficient ring from Fpnm to, say, Fp[t]/(tn
′
m− t) and if we consider Fp[t]։ Fp[t]/(tn′m− t);
t 7→ t instead of Fp[t] ։ Fpnm ; t 7→ tnm , then this modification gives a totally explicit
example Y = Y p,(n′m)m . This Y remains to satisfy the conclusions of (ii) of Corollary B
and of Theorem C; recall Remark 1.7.
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